ШИШЕГЕ 
Introduction о Engineering Mechanics 


“Mechanics is the paradise of mathematical science Because fiere we come to the fruits of 


mathematics”, 


Leonardo da Vinci (1452-1519) Italy 


Mechanics: Mechanics is a subject that matters to everybody everywhere 
because it deals with the study of how and why things move and what is equally 
important, how we can make things move the way we want them for the 
purposes of our work and our comfort — in fact, to aid us in our daily lives. 


Why do bodies move as they do? Why do bodies remain at rest as they do? 
These questions engaged the attention of philosophers, mathematicians and 
scientists for many centuries. The branch of physical science which deals with 
the state of rest or of motion of bodies under the action of forces is called 
mechanics. Mechanics is based on the concepts of time, space, force, energy & 
matter. Archimedes (287-212 BC), Galileo Galilee (1564-1642), Sir Issac 
Newton (1624-1727) and Albert Einstein (1878-1955) have contributed a lot to 
the development of mechanics. Substantial contributions have been made by 
Pierre Varignon, Euler, D’Alembert and others also. 


The mechanics, which is developed as оп today, may be grouped as below: 
> Classical (Newtonian) mechanics 
> Relativistic mechanics 
> Quantum or wave mechanics 


The mechanics based on  Newton's laws of motion is called 
Classieal/Newtonian mechanics. 


Engineering Mechanics: While scientists are keen on understanding and 
establishing the laws of mechanics, engineers are interested in applying these 
laws to the actual field problems. Application of the laws of mechanics to actual 
problems is termed ‘Engineering mechanics’ or ‘Applied mechanics’. 


Classification of Engineering Mechanics: Engineering mechanics may be 
grouped into the following three heads. 

1. Mechanics of Rigid Bodies 

2. Mechanics of Deformable Bodies 

3. Mechanics of Fluids 
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A body in which all the particles occupy the fixed position with respect to each 
other is called the rigid body. However, no body is rigid; every body undergoes 
some deformation when acted by forces, Still there exist several situation 
wherein there is no deformation of the body, the concept of rigid body holds 
good. The mechanics of rigid bodies dealing with bodies with rest is termed as 
‘Statics’ and that dealing with the bodies in motion is termed as ‘Dynamics’. 
The dynamics is further divided into two streams — Kinematics and kinetics. 
‘Kinematics’ is the branch of dynamics which deals with the motion of bodies 
without referring to the forces causing the motion of the body and ‘Kinetics’ is 
the branch of dynamics which deals with the motion of bodies referring to the 
forces causing the motion, 


If our interest is to study the internal forces developed in a body when subjected 
to external forces, deformation of the body should be considered. The 
mechanics involved in these studies is called mechanics of deformable bodies. 
"Strength of materials’, "Theory of elasticity’ and ‘Theory of plasticity’ are 
some of the titles under which this study is covered. 


Mechanics of rigid and deformable bodies together is known as ‘Solid 
Mechanics’. 


A substance which deforms continuously even with the application of a small 
shear force (force trying to cut the body) is called fluid, Liquids and gases are 
examples of fluid. The mechanics dealing with these materials is called Fluid 
mechanics. This is covered under the titles ‘Mechanics of ideal fluids’, 
‘Mechanics viscous fluids’, and ‘Mechanics of incompressible fluids’. 


This basic course on engineering mechanics deals only with the mechanics of 
rigid bodies. Summary of classification engineering mechanics is shown below 
as a flow chart. 


Engineering mechanics 
| 


| | | 
Mechanics of Mechanics of Mechanics of 
rigid bodies deformable bodies fluids 
7 \_ == | 
1. Strength of materials 1. Ideal fluid 
Statics Dynamics | | 2. Theory of elasticity 2. Viscous fluid 
3. Theory of plasticity 3. Incompressible 
1 Y fluid 
Kinematics Kinetics 


Figure 1: Branches of Mechanics 
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Problems in Engineering Mechanies: Engineers conceive, plan, design, and 
construct buildings, machines, airplanes, and countless other objects, for the 
comfort and use of the human race. Each of these objects servers a definite and 
useful purpose; behind each lies an absorbingly interesting storey of engineering 
skill and achievement, 

Having in mind a definite purpose for the object to be constructed, the engineer 
then conceives its appropriate form, either entirely new, or an improvement 
upon one already in existence. Next, he must anelyze and determine the forces, 
known & unknown, acting on the object, and the motions, if any, of its various 
related parts. 

To do this successfully the engineer must have a through knowledge and 
understanding of the principles of mechanics, and of their applications to his 
particular problem. Having thus determined the forces and the motions 
involved, he may proceed with the design of the object, using available 
materials of suitable strength and other requisite properties. The final size & 
shape of the object, and each of its separate parts, may then be expressed in 
blueprints, after which the object is already for production. 

From this brief analysis of the work of the engineer, we see clearly that a 
knowledge of mechanics is an fundamental to success in the field of engineering 
as is an understanding of the alphabet to those who would learn to read and 
write their own language. The extent of his knowledge of mechanics may have 
an important bearing on the opportunities that will open to the student in this 
great field of work. Certainly without some knowledge and training in 
mechanics he would have little or no chance of entering the engineering 
profession. 


Fundamental Laws of Mechanics: The following are considered fundamental 
laws in classical (Newtonian) mechanics: 

- Newton’s first law 

- Newton’s second law 

- Newton’s third law 

- Law of transmissibility of forces and 

- Parallelogram law of forces 
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Figure 2: Cover page of “Principia Mathematica" by Sir Issac Newton. 


Newton’s Laws of Motion: The science of analytical mechanics is based on 
Newton's laws of motion. 
»-(1) Every particle remains in a state of rest or moves with a constant 
velocity in a straight line unless an unbalanced force acts on it. 
> (1) The acceleration of a particle is directly proportional to the 
resultant force acting on it and inversely proportional to its mass, and the 
sense of acceleration is the same as that of the resultant force. (i.e. The 
rate of change of momentum of a body is directly proportional to the 
impressed force and it takes place in the direction in which the force 
acts.) 


Foo 50) 


=> Font 
а 


=> Fooma 
=> F=kma_ [kis constant of proportionality} 
It should be possible to obtain from this expression the concept of a unit of 
force. The unit of force which at once suggests itself is that which would 
produce a unit of acceleration in a unit of mass. If we accept this definition of 
the unit of force and substitute in the fundamenta! formula F = kma, F = 1, m = 
1&a=1, we see that k = 1, irrespecting of whether we are dealing with C.G.S. 
or Е.Р.5. or M.K.S. units. 
=> F=ma 

provided only that we are dealing in the appropriate units of force, mass & 
acceleration. 


Engineering Mechanics (Stats)! Md, Ruhut Amin ES 


»-(11) To every action, there is an equal and opposite reaction. 
If a body ‘A’ exerts force Fan on another body ‘B’ then body 
exerts force Евд on body ‘A’. 

Fas =~ ЕВА 


External force. 


” 2779 
Figure 3: Newton’s third law 


Derivation of first law from the second law: => F = ma 
6,-v) 

t 
if no external force is applied, F = 0 
(v7 v) 
2210.0  [m»0] 


=> Е=т 


=> т 
> у, =v. 
2 1 
= final velocity = initial velocity (still body remains at rest or in constant 
motion) 


Scalar and Vector Quantities: A quantity is said to be scalar if it is completely 
defined by its magnitude alone. Examples: length, area, volume, time. 


A quantity is said to be vector if it is completely defined only when its 
magnitude and direction are specified. They obey parallelogram law of addition. 
Example: Force, displacement, velocity, acceleration. 


Body & Particle: A body is a material configuration in space. The matter in it 
possesses a definite mass. 
A particle is a geometric point possessing constant mass. 


Classification of Concepts: Five classes of concepts forming the theoretical 
basis of mechanics are: 

Undefined terms: The terms whose definitions are inadequate or not available 
are called the undefined terms. 

Defined terms: The terms defined by the undefined terms are called defined 
terms, Consequently, their definition may be inadequate. 

Axioms (Postulates): The assertions based on experience or observations and 
which can be admitted without proof are called axioms (postulates). 
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Assumptions (Hypotheses); The simplifications based on experiments or 
observations and which can be admitted within certain limits are called 
assumptions (hypotheses). 

Laws (Principles): The statements (conclusions) proven by analytical reasoning 
or based on experimental evidence are called laws (principles), 


Basic Concepts: Three typical undefined terms, called basic concepts of 
mechanics, are space, time & force. They can be interpreted and/or measured 
experimentally. 

Space: The region in which the event (rest or motion) takes place is called 
space. The measurement of space is lengih* and in engineering the space is 
three dimensional. 

Time: The measure of succession of events related to an arbitrarily selected 
datum (start, beginning) is called datum. Static quantities are assumed to be 
independent of time**. 

Force: The action of one body on another, interpreted as push or pull, is called 


force. 
[length - a concept for describing size quantitatively & “time — a concept for ordering the flow of 


events.) 


Associated Concepts: In addition to the basic concepts, three associated 
concepts are necessary in the analysis: particles, rigid body & configuration. 


Idealizations in Mechanics: A number of ideal conditions are assumed to exist 
while applying the laws of mechanics to practical problems. In fact, without 
such assumptions, it is not feasible to arrive at practical solutions. The 
experience in the past centuries has shown that the following idealization could 
be made as they do not bring down the accuracy of the analytical results below 
the optimum level required by engineers to deal with practical problems. 


Continuum: A body consists of several particles, It is well known fact that each 
particle can Бе sub- ded into molecules, atoms and electrons. It is not 
feasible to solve any engineering problems by treating a body as a conglomerate 
of such discrete particles. The body is assumed to consist of a continuous 
distribution of matter which will not separate even when various forces 
considered are acting simultaneously. In other words, we say the body is treated 
аз a continuum. 


Rigid Body: A rigid body may be defined as a body in which the relative 
position of any two particles does not change even after the application of a 
system of forces. For example, let the body as shown in figure 4(a) move to a 
position as shown in figure 4(b) when the system of forces F1, F2 & F3 are 
applied. If the body is treated as rigid body, the relative position of A to B is the 
same as A’ and B^. 
AB- A/B/ 
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Figure 4: Rigid body 


Particle: A particle may be defined as an object which has only mass and no 
size. Theoretically, such a body can not exist; while dealing with the problems 
involving distances which are considerably larger compared to the size of the 
body, the size of the body may be neglected without sacrificing the accuracy. 
The examples are as follows: 
* A bomber aero-plane is a particle for a gunner operating from the ground. 
* A ship in the mid sea is a particle in the study of relative motion from the 
contro] tower in a port. 
* In the study of the movement of earth in celestial space, earth is treated as 
particle. 


Configuration: The arrangement of particles in a system (in а body) is called 
configuration. All static configurations independent of time. 


Point Force: It is yet another idealization which is very commonly used in 
engineering mechanics. In figure 7, the weight of the man standing on the ladder 
is shown as a force applied at the point C. Actually the man can not apply his 
weight through a single point, There is a certain area of contact through which 
the weight is applied, However, this area is small compared to the other 
dimensions involved in the problem. Therefore, not much accuracy is lost by 
treating it as a point force and thereby simplifying the problem. 


Force: ]t is the action of a body on the other body. It always tends to change the 
state of rest or state of motion of the other body. It is associated with direction 
also. 


Force may be defined as an agent which produces or tends to produce, destroys 
or tends to destroy motion. 


A force can push or pull a rigid body or/and can cause a rigid body to turn 


around or rotate, Pulling force is called tensile force/positive force & pushing 
force is called compressive force/negative force. 
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Turning / rotating effect 


Figure 5: Effect af force application (translation or/and rotation) 


Defining of a Force: A force could be completely defined only when the 
following four characteristics are specified. 

> Magnitude 

> Line of action 

> Direction 

> Point of application 


<—— Sense 


Magnitude 


0 <—— Direction 


Point of application 
Figure 6: Characteristics of a force 
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Figure 7 


In figure 7, AB is a ladder kept against a wall. At point C, a person weighing 
600 Newton is standing. The force applied by the person on the ladder has the 
following characteristics: 

> Magnitude is 600 Newton 

> The line of action is vertical 

> It’s direction is downward 

» The point of application is at C 
The magnitude of the force is written near the arrow. The line of arrow shows 
the line of action of the force and the arrow head shows the direction of the 
force. The point of intersection of the force with the bady shows the point of 
application of the force on the body. 


Units of Force: Dyne, Poundal, Newton, Gram-weight, Pound-weight, 
Kilogram-weight. 

Newton is written as N 

Pound-weight is written as lb, (comes from Latin word libra pondo abbreviated 
as №.) 

Kilogram-weight is written as kg. 

Gram-weight is written as gm. 


Force = mass x acceleration 
Weight = mass * gravitational acceleration 


Absolute system of force units used by physical scientists: 
1 Newton = 1 Kilo-gram x 1 meter/sec” 

1 Pounda! = 1 Pound x 1 fi/sec” 

1 Dyne = 1 gram x 1 cm/sec” 
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Gravitational system of force units used by engineers: 
1 Kilogram-weight = 1 Kilogram x 9.81 meter/sec 

1 Pound-weight = 1 Pound х 32.2 ft/sec” 

1 gram-weight = 1 gram x 981 cm/sec” 


What is Weight / is Weight a Force? Everybody possessing mass is pulled 
down by gravitation force. It is called weight of the body which acts vertically 
downward. So, weight is a force whose 

> Magnitude is equal to the weight of the body 

> The line of action is vertical 

> It's direction is downward 

> The point of application is at c.g. (center of gravity) 


Mass & Weight: Mass is the quantity of matter in а body & weight is a force — 
the force of the earth’s pull on the body. Weight is concerned with that 
particular kind of force called the force of gravity. The earth exerts an attracting 
force on all bodies which come within its sphere of influence. That is why, 
when we hold an object at some height above the level of the ground and let go, 
it immediately drops under the action of the force of gravity. We can feel this 
force of gravity in the weight of bodies. Weight & mass are intimately 
connected, for the force of gravity, upon which the weight of a body depends, is 
directly proportional to its mass 
Wom 

=> W=mg 
Where, W = weight, m = mass & g = acceleration due to gravity 
Although weight of a body alters with its position, mass is always constant. The 
quantity of matter in a body is in no way altered by taking it up a mountain ог 
down amine. 


Fundamental Units: The measurement of physical quantities is one of the most 
important operations in engineering. Every quantity is measured in terms of 
some arbitrary, but internationally accepted units called fundamental units. All 
physical quantities met with in classical (Newtonian) mechanics are expressed 
in terms of the following three fundamental quantities. 


(1) length (2) mass & (3) time 


System of Units: There are three system of unit, which are commonly used and 
universally accepted. They are known as: 


C.G.S. unit: In this system, the fundamental units of length, mass and time are 
centimeter, gram and second respectively. 


EPS. unit: In this system, the fundamental units of length, mass and time are 
foot, pound and second respectively. 
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MKS. unit: Strictly speaking, the fundamental units of this system are not 
separate ones, but are multiples of C.G.S. units, In this system, the fundamental 
units of length, mass and time are meter, kilogram and second respectively. 


Table 1: Symbols/prefix for multiplication factor 


Multiplying factor Prefix Symbol 

10! tera т 
107 giga G 
10° mega M 
10° kilo k 

0 

10 = 
107 milli m 
105 micro M 
107 nano n 
1072 рісо р 
1075 femto f 
1078 atto a 


What Happens when Several Forces act on a body at the Same Time? In 
nature, and in the world of industry, almost always more than one force is acting 
on a body at the same time. As a result, the forces may be as a whole “balance 
out” or be “out of balance”, 
(a) When they exactly balance, the body is: 

@) still if it was still at first; 

(1) moving steadily and uniformly, if is was doing this at first. 
(b) When the forces are out of balance, there is an overall force effect on the 
aircraft and this must produce a change of motion, so the body or machine must 
move faster or slower than before. 


The Two Main Divisions of Mechanics: So we get the two special branches 
into which the study of Mechanics is divided: 

{a) The study of forces that produce balance ог equilibrium — this branch of 
mechanics is called Statics. 

(b) The study of forces that are out of balance, and so produce movements - this 
branch of mechanics is called Dynamics. 


The Principle of Inertia & the Meaning of Force: “no inanimate body can of 
itself change its own state of rest on of uniform motion in a straight line”. — this 
is known as principle of inertia, and is the basis of whole subject of mechanics, 
This principle of inertia really has no meaning apart from the idea of a force. It 
is true that because of its inertia, a body cannot alter its own state of rest or 
motion. Only an external force applied to the body can do this, Indeed, the full 
property of inertia tells us that the natural tendency is for all bodies to resist 
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change in their movements. It is just as though they want to go on doing what 
they have been doing, That is why, for example, when we аге cycling on a road 
with a steady speed, if we put on the brakes too quickly we are quite likely to 
find ourselves shooting over the handlebars to be thrown on to the road ahead of 
the bicycle. Our own body’s “inertia” wants us to go on doing what we were 
doing before we applied the brakes, i.e., moving along the road on our bicycle. 
The sudden braking stops the bicycle but it fails to stop us. Hence, we are 
thrown forward. 


Again, imagine that we are sitting in a train that has stopped at a station, and 
that it starts moving forward very suddenly. Our own inertia “resists” this 
change and "wants" us to go on being still on the seat, and the result is that we 
feel ourselves jerked backwards against the seat if we facing the engine. 16 we 
have our backs to the engine we tend to fall off the seat. 


If both cases, of course, the manifestation of a body’s inertia is only seen when 
an external force is applied to make the body move if it is still, or to make it 
move differently if it is already in motion. 


Forces & their Effects: We see from the above that one of the effects of a force 
is to change the state of rest or of motion of a body. This is, however, only one 
of the possible effects of a force on a body. In the concluding sentence of the 
paragraph defining the term force, we made use of the phrase “changes or tends 
to change”. In other words, а force does not always succeed in changing a 
body’s state of rest or motion. Whether it succeeds in doing this depends 
entirely upon whether the body is perfectly free to move or not. 


We may classify all bodies from this point of view as being: 

{a) perfectly free to move, 

(b) perfectly restrained, i.e., completely unable to move; 

(c) partially restrained, i.e., partially able to move. 
As an example of (a) we may quote any body in space, such as a star, or cricket- 
ball in the air, or a stone dropped from a tower; as an example of (b0 a pillar or 
column teaching from floor to balcony in a hall, or a beam or girder supporting 
a roof; as an example of (с) a door swinging on its hinges, or a pendulum 
suspended from appoint, or an electric light hanging from a ceiling. 


It is important to notice that the effect of a force on a body depends entirely 
upon which of these three conditions the body happens to be in. 

(а) If the body is perfectly free to move, the effect of a force will be to move 
it if it is at rest, or to change the nature of its motion if it is already 
moving. 

(b) If the body is completely unable to move, the effect of a force will be to 
set up what we сай a stress in the body (this is a part of solid mechanics). 
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(c) Finally, if the body is partially able to move, the effect of the force will 

be to set up a swing or rotation about the point of line of restraint. 
The whole of the science of mechanics is, in fact, a study of these three separate 
conditions and their consequences. 


Classification of Force Systems / System of Forces: When several forces act 
upon a body simultaneously, they constitute a system of forces. Various system 
of forces, their characteristics and examples are given in table 2 below. 


Table 2: Characteristics of various systems of forces 


Force system 


Characteristics 


Examples 


Collinear forces 


Line of action of all 
forces act along the 
same line 


The forces on a rope ina 
tug of war 


Coplanar parallel 


All the forces are 
parallel to each other 


The system forces acting 
on a beam subjected to a 


Coplanar- like 
parallel forces 


forces and lie in a single plane | vertical loads ( including 
reactions) 
All the forces are 
paralle] to each other, The weight of a 


lie in a single plane 
and act in the same 
direction 


stationary train on rail 
when the track is straight 


Coplanar concurrent 
forces 


Line of action of all the 
forces pass through a 
single point and the 
forces lie in the same 
plane 


The forces on a rod 
resting against a wall 


Coplanar non- 
concurrent forces 


All the forces don’t 
meet at a point, but lie 
in a single plane 


The forces on a ladder 
resting against a wall 
when a person stands on 
arung which is not at its 
center of gravity . 


Non-coplanar 
parallel forces 


All the forces that are 
parallel to each other, 
but not in the same 
plane. 


The weight of benches in 
a class room 


Non-coplanar 
concurrent forces 


All the forces do not lie 
in the same plane but 
their lines of action 
pass through a single 
point. 


A tripod carrying a 
camera 
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Force system Characteristics 


Examples 


All the forces do not lie 
in the same plane and 


Non -coplanar 
their lines of action do 


non-concurrent 


The forces acting on a 
moving bus. 


forces 


not pass through a 


single point. 


Collinear 


Parallel 
Non-collinear 
Co-planar 
(2-dimensions) Concutrent 
Non-parallel 


Non-concurrent 


Forces 
Collinear in 2- 
Parallel dimensions 
mare Non-collinear 
(G-dimensions) 
Concurrent 
Non-parallel 


Non-concurrent 


Figure 8: Classification of force system (7 types) 


Law of Transmissibility of Forces: It states that the state of rest or motion of a 
rigid body is unaltered if a force acting on the body is replaced by another force 
of the same magnitude and direction but acting anywhere on the body in the line 
of action of the replaced force, 


F 


Figure 9: Law of transmissibility of force 


In figure 9, F is the force acting on a rigid body at point A, According to the law 
of transmissibility of forces, if the point of application of this force is shifted to 
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another point B, which is on the line of action of the force F, the state of rest or 
the steady motion of the body is still unaltered. 


The following points are to be carefully noted: 

(1) This law is applicable only for rigid bodies, which is the subject matter 
of engineering mechanics. 

(2) In case of subjects like strength of materials in which deformable bodies 
are concerned, the law of transmissibility will not hold good, since the 
point of application of the forces completely alter the internal stresses in 
the deformable bodies. 


Moment/Moment of a Force about a Point: A force has not only the tendency 
to move a body but it has a tendency to rotate the body also. The measure of the 
rotational effect of a force is called the moment. The moment of a force about a 
point is defined as the product of the magnitude of the force and the 
perpendicular distance of the line of action of the force from the point. 


Moment = Force x perpendicular distance 


Units of Moment: N-m, kN-m, in-Ib, ft-lb, kip-ft, kip-in & so on. 


m 
K 
d 

оу Figure 10(а) 


In figure 10(a), moment of force Е about point O is 
M, =Fxd (Clockwise) 


o, 4 dy 
КЕ ө 
à 


Figure 10(b) 


1n figure 10(b), moment of force F about point O is 
M, = Fx dsin@ (Anti-clockwise) 
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Types of Forces acting on a Body: While applying equilibrium conditions, it is 
essential that all forces acting on the body are considered. The various forces 
acting on the bodies may be grouped as 

(1) Applied Forces 

(2) Non-applied forces 


(1) Applied Forces: These are the forces applied externally to the body. An 
applied force has got at least one point of contact with the body. If a person 
stands on the ladder, his weight is an applied force. If a car is pulled by a rope, 
the force in the rope is an applied force on the car, The usual types of applied 
forces (also called applied loads) are: 
(a) Point Force: If a load is acting on the body over a very small area 
without much loss of accuracy in the analysis of the body, it may be 
approximated as force acting at a point. Thus, a concentrated load is 
idealized ‘point force’. The meaning of point force is already discussed 
(see paragraph idealization in mechanics). 


^ 


1222 Figure 11: Point load 227 


In actual practice, it is not possible to apply a load at appoint (1.е., а 
mathematical point); as it must have some contact area. But this area, 
being so small, as compared to the length of the beam, is neglible. 


b) Linear Force: A force acting along a line of the body is known as the 
linear force. Figure 12 shows a linear loading on the beam. In this, the 
ordinate represents the intensity of loading and the abscissa represents the 
position of the load on the beam. The force dF on an elemental length dx 
is given by 

dF = w dx 
Where, w is the intensity of load at a distance х. 


w per unit length 


es 5 — [к | А. 


L 


Figure 12: Linear force 
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The following are the intensity cases of linear forces. 
(i) Uniformly distributed load (UDL): A load which is spread over 
a beam in such a manner that each unit is loaded to the same 
extent, is known as uniformly distributed load (briefly written as 
UDL). 
Gi) Uniformy varying load (UVL): A load which is spraed over a 
beam, in such a manner that its extent varies uniformly on each 
unit length, is known as uniformly varying toad (briefly written as 
UDL). 

w per unit length 


LUE ILU 
а E 


Figure 13: Uniformly distributed load (UDL) 


« 


wy per unit length 


Figure 14(a): Uniformly varying load (UVL) 


wy per unit length 


Е. 


2 2 [= dx 
L 


Figure 14(а): Uniformly varying 1084 (UVL) 
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{in order that the beam reactions may be computed, a distibuted toad must be replaced by its 
equivalent concentrated resultant load, which always acts through the c.g. (center of gravity of the load 
ог through the centroid of the loaded area] 


с) Surface Force: A force acting on the surface of a Боду is termed as the 
surface force. If p the intensity of load (usually termed as pressure) acting 
on an elemental area dA, the force acting on the element, 

dF=pdA 
А common example of such a force is the hydrostatic pressure acting on a 
body immersed in water. 


Water level 


Figure 15: Surface force 


4) External Moment: 


ael 


М = +Ра+Ра = +2Еа 


7 Clockwise) 
= n 
222 


Figure 16: External moment 


(2) Non-applied Forces: There are two types of non-applied forces 
a) Self-weight: Every body near the earth is subjected to gravitational 
acceleratian and hence has got a self-weight. The weight of a body W, is 
given by 
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W-mg 
Where, m is the mass of the body and g is the gravitational acceleration 
(near the earth's surface, the gravitational acceleration is 9.81 meter/sec? 
(32.2 feet/sec? = 981 cm/sec!) Since the self-weight is due to the 
gravitational acceleration, it always acts towards the center of the earth, 
ie. in the vertical downward direction. In the analysis, self-weight is 
treated as acting through the center of gravity of the body. If the self- 
weight is very small compared to the applied forces acting on the body, it 
may be neglected also. 


(b) Reactions: Reactions are self-adjusting forces exerted by the other 
bodies in contact or by the supports. According to Newton’s third law of 
motions, the reactions are equal and opposite to the actions. The reactions 
always adjust themselves to bring the body to equilibrium. Following 
paragraph shows different types of contacts between the body and other 
bodies/supports and also the reactive forces acting on the body under 
consideration in case of two-dimensional problem. 


W = self weight of the sphere R 
С2222А 
R = Reaction provided by support 
Sphere String 
Z Smooth Sphere 
K plane 


Figure 17: Non-applied forces y W 
(self weight & reaction} 


Types of Contacts/Supports: 


Flexible cable 
or rope 


Figure 18: Flexible cable or rope 
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R 


Е 


Figure 19: Smooth surface 


Figure 20: Rough surface 


y= 


Figure 21: Roller support / Simple support 


Ry “үк КЕ, 
Figure 22: Pinned support / Hinge support 


RA eM 
> кх 


Figure 23: Fixed support / Built-in support 
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Figure 24: Pin in smooth slot 


Table 3: Types of reactive forces in 2-D (two-dimensional) problems 


Types of 
contact/support See figure no. Remarks 
Р , | Tensile force in cable 
Flexible cable or rope Figure 18 | always away from the body | 
52 | Always normal to the 
Smooth surface Figure 19 | surface af contact 
Normal to the surface (N) 
and a frictional force (F) 
Rough surface Figure 20 (parallel to the surface) 
acting so as to oppose the 
body. 
Roller support / Simple | Figure 21 Always normal to support 
support 
No moment but reactive 
force in any direction, 
Pinned support / А which may be conveniently 
| Hinged support Figure 22 represented by its 
| components in two mutually 
! perpendicular directions 
Moment and force in any 
direction (this force may be 
Fixed support / Built-in Figure 23 conveniently represented by 
support its components in two 
mutually perpendicular 
directions) 
Pin in smooth slot Figure24 | Опе force perpendicular to 
smooth slot 


Free Body Diagrams: A free body diagram shows the action of other bodies on 


the free body. 
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Free-body diagrams can be drawn for 
- for the entire assembly 
- for the component parts 


A free-body diagram of an entire structure leads to relationships between the 
external forces on the structure, whereas free-body diagrams if sub-sections of 
the structure will lead to relationships between the external and internal forces. 
In any case, each free-body diagram represents a structural unit that is subjected 
to all of the considerations of structural analysis. The judicious selection of 
free-body diagrams, and subsequent analysis of each structural component, is 
fundamental to the field of structural analysis. 


Drawing Free Body Diagrams: Free body diagrams means the sketch of the 
body separated from other bodies and showing all the forces acting on it 
including reactions from the other bodies and the self-weight. Drawing the free 
body diagram is an important step in the analysis of bodies for equilibrium 
conditions. The steps to be followed in drawing a free body diagram are: 

(1) Draw a neat sketch of the body. 

(2) Mark all the applied forces. 

(3) Mark the self-weight of the body, which may be taken as acting through 
the centriod of the body. It always acts in the vertical downward 
direction, 

(4) Mark reactive forces, which may be from the supports or from the other 
bodies in contact with the body under consideration while marking these 
forces, follow the guidelines given in table 3, 

(5) Apply equations of statics and solve for unknowns. 


Smooth surface 


Figure 25а): the whole 
body 


Rough surface 
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Figure 25(b): free body 
diagram of ladder 


For example, consider the ladder shown in figure 25(a), which weighs 150 N. 
On this, a person weighing 600 N is standing at standing at point C. The wall is 
smooth and the floor is rough. To draw the fee body diagram of the ladder, 
consider the following steps: 

(1) Draw the ladder. 

(2) Draw the applied load of 700 N at C, which acts vertically downward 
since it is the weight. 

(3) Self-weight of 150 N is drawn through the centroid of the ladder. 

(4) The reaction of wall Rax is the horizontal force, since the surface of 
contact is smooth and vertical. The reaction at floor may be represented 
by the normal reaction to floor Ray and the horizontal frictional force 
Rax- 


Table 4: Free body diagrams for typical cases 


Free body diagram 


required for Free body diagram 


Reacting bodies 


Ball 


‘smoot 
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Ball R 
(2 
T 
Block weighing 
600 N 
ИТ IN 
60014 Ї 
R 


Approaches for Analysis: There are two different approaches used for the 
analysis of engineering mechanics problems, namely Classical Approach 
(graphical method, algebraic method & matrix method) and Vector Approach 


In classical approach, the equations are written down only for magnitude, and 
direction is noted down separately for each equation; in vector approach, the 
direction is also incorporated in the equation using vector algebra. The classical 
approach helps in developing a pictorial view of the analysis, and hence there 
will be excellent development of the analytical mind, This approach is very well 
suited for two-dimensional problems. However, for three-dimensional 
problems, it is difficult to imagine pictures and keep track of directions. Hence, 
they can be conveniently handled by vector approach. For a beginner, the 
approach should be physical rather than mathematical. 


Laws of Statics/ Equations of Static Equilibrium: A structural is said to be in 
equilibrium* when it is initially at rest and remains at rest as it is acted upon by 
a set of forces, When a structure satisfies this test for equilibrium, any 
constituent part of the structure will also be found to be in equilibrium. 
(*Equllibrium is a special type of motion in which there is no acceleralion for any paricles of the 
System. A body moving with constant velocity (e. no acceleration) is an example of equilibrium] 

For the condition of rest to be satisfied, there must be a balance in the forces 
tendencies that would act to disturb the structure in any way. The balance can be 
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expressed mathematically for 2-D (two-dimensional) & 3-D (three-dimensional) 
structure as below: 


For the whole or any part of а uniplanar / two-dimensional structure, two 
conditions must be satisfied for static equilibrium. 

(a) The algebraic sum of all forces resolved in any direction equals zero. 

(b) The algebraic sum of all the moments of all forces about any point in the 
same plane equals zero. 


Mathematically, they are expressed as 
¥ Fx = 0 (Y. forces in horizontal or X direction = 0) 
X Fy = 0 (X. forces in vertical or Y direction = 0) 

Y. Mz = 0 ($ moment about any point = 0) 


For a space / three-dimensional structure, the conditions which must be satisfied 
for static equilibrium are 

(a) The algebraic sum of all external forces resolved in any direction equals 
zero. 

(b) The algebraic sum of all the moments of all external forces about any axis 
equals zero. 


Mathematically, they are expressed as 
У Fx = 0 ( forces in X direction = 0) 
È Fy = 0 (Y forces in Y direction = 0) 
Y Fz = 0 (Y. forces in Z direction = 0) 
X Mx = 0 (Ў moment about X ахі 
X My =0 (X moment about Y axi: 
У Mz = 0 (È moment about Z axis 


0) 


These equations are referred to as the equations of static equilibrium/laws of 
statics. When these equations are satisfied, the body is in balance, at rest, and 
thus in equilibrium. 


Experiment on Laws of Equilibrium: See page no 81 of Introduction to 
Structural Mechanics (for building & architectural students) — Trefor J. 
Reynolds & Lewis E. Kent, The English Universities Press Ltd., St Paul’s 
House Warwick Lane, London ЕСА. 
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: 1 
a) A} жь СЛ 
j ; 
3 1 
125554: с 
This scale shows a This scale shows a 
reading of 3.5 Ib. reading of 2.5 16. 


Figure 26: Demonstration of beam support reactions 


Demonstration of Beam Support Reactions: Place the ends of a small beam 
on the two scales (see figure 26). Apply a 4 Ib. load at a distance 3 ft from the 
left end and observe that the scales readin60 

gs. The scales on the left end and right end show a value of 3.5 Ib. & 2.5 Ib. 
respectively. Checking these results by the laws of statics, we have: 


Кухё=4х5= 20; В; 3.5 16. 


Procedure in the Solution of Mechanies Problems: Successful and efficient 
solution of any engineering problem calls for a well-organized and logical 
method of attack, involving a number of steps, each of which must first be wel] 
understood and then carefully executed. Among these steps, the following five 
include in a general way the entire process of solving any problem: 
1. Analyze carefully the given data and ascertain the known quantities and 
the unknown quantities to be determined. 
2. Recognize all the acting forces, known & unknown. 
3. Decide on a suitable type of solution to use to determine the unknown 
quantities. 
4, Formulate the steps to be taken to complete this solution. 
5. Execute these steps, using available methods of checking the results. 
The necessity for checking intermediate as well as final results as the solution 
progresses cannot be overemphasized, and yet it is most difficult to impress this 
fact on students, especially during the early part of their training; too many 
insist on dashing on to some answer, often finding it to be wrong and then, on a 
recheck, discovering some foolish or careless mistake which a second glance at 
the proper time would have quickly revealed. 
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Standards for Workmanship in Problem Solution: Because of the great 
responsibility that attacks to the practice of engineering, high standards of 
workmanship are demanded by the profession. These standards call for clear 
and neat figures and letters, and for crowded and logical arrangement of all 
computations and diagrams. Squared paper, 8.5 inch х 11 inch and a 
straightedge for drawing diagrams are recommended. All diagrams must be 
complete; that is they must show all forces, dimensions, and other items that are 
parts of the problem. 

In order that computations may readily be checked, as they must be, all work 
except the simplest additions, subtractions, multiplications, and divisions must 
be shown. Of course, if the slide rule is used, no multiplications or divisions 
need be shown, but the processes must be indicated. One of the best ways of 
checking data and computations is to glance over them as soon as they are 
completed, to see that no mistake has been made and that the result obtained so 
far is reasonable. Often an absurd answer or a misplaced decimal point is thus 
quickly detected. 


Accuracy of Calculations: There is no point to in noting down the calculations 
and final answers beyond four digits. However, higher accuracy may be 
maintained for intermediate steps, since some of them may affect final values 
adversely. 


Useful Data: The following data summarizes the previous memory and 
formulae, the knowledge of which is very essential at this stage. 


Algeb: 


(D a9 =1, х0 


-1 


Q) ххх етп 


Where, а is the co-efficient ofx2, b is the co-efficient of x & c is the constant 
term. 


Trigonometry: In a right-angled triangle ABC 
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AB = с = hypotenuse, AC =b = base, BC = а = perpendicular 
(perpendicular)? + (base)  — (hypotenuse)? 
=> а? + 2 =o? 


=>c= Va? +b*; 


sind=", cosa =2, шоб 
с с 


this is called Pythagoras theorem 


_sin® (we) a 
cos0 (b/c) b 
1 


cos8 


— 1 соз (bc) b 
tan sin® (а/с) a 


1 с 
созес0- =-, зес 0 
а 


— = БЭР”! 
sin@ b 


" a b c 
Law of sines; —— = 2-6. 
sin sinB sinC 
Law of cosines: a2 — 62 +02 — 2bccosA 
b? «c? +a? — 2ca cosB 


c? =? +a? — 2ba cosC 


Functions of angles: 
(sin 9)? + (cos6)? =1 
=> 129 + cos20 = 


sec20 =1+ tan?0 
соѕес29 = 1+ cot20 
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sin 26 = 25110 со59 
cos 20 = 60529 - sin 28 = 200520 —1=1- 2520 
25120 = 1 - cos28 
20520 =1+ cos20 


sin(a +В) = sina созВ + cose sin 
sin(a - B) = sina cosp — cosa sinf 
cos(a +В) = созо соз — sina sinB 
cos(a - B) = cosa cos + sina sinf 


tana + tanĝ 
1-tanetanB 


tan(a+B)= 


tana — (апр 
1+ tanatanp 


tan(a - B)- 


Following tables shows values of some trigonmetrical functions 


typical angles. 


for some 


n 
& 
© 
a 
= 
© 


Angle 00 


EN 
e 
o 


90° 


sin 0 


cos 1 


мы 
- м-ы- 


tan 0 


12822 


In the first quadrani (00 = 900), all the trigonmetrical ratios are positive. 


In the second guadrant( 90° - 1809 ) ‚ only sind and совесд are positive. 


In the third auadrant( 130° -2709 ) only tant and coté are positive. 


In the fourth ола 2709 = 360°), only cos8 and secÜ are positive. 


Engineering Mechanics (Statics)! М. Ruhu Anin 


90° 


Only sin8 and All ratios are 
cosec? are positive positive 
1809 o? 
Only tan and Only cos8 and seco 
cot are positive are positive 


2709 


In a triangle ABC, BC = a, CA = b, АВ = c and s = half perimeter, А = area of 
the triangle. 
qut bsc 


(5 - aXs – 605 – c); Heron's formula — a formula connecting the area of 
a triangle with its sides. 


A= labsinC = 1 besinA =} casinB 
2 2 2 


A 


B a € 


Useful Conversion Factors: 

1 foot = 12 inch 

1 yard = 3 feet 

1 meter = 3.28 feet 

.54 centimeter = 25 mm. 
760 yard = $280 feet 
30.48 centimeter 

1 mile = 1,609 kilometer 
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1 kilometer = 0.621 mile 


1 acre = 43560 square feet 
| square foot = 144 square inch 

1 square meter = 10.76 square feet 
1 square mile = 640 acres 


1 cubic foot = 1728 cubic inch 

1 gallon = 7.481 cubic feet 

1 cubic feet = 28320 cubic centimeter 
1 gallon = 231 cubic inch 

1 cubic meter = 3531 cubic feet 


180 degree = л radian = 60 grade 
1 degree = (n/180) radian 
| radian = (180/л) degree 


1 day = 24 hours 
1 hour = 60 minutes 
1 minute = 60 seconds 


1 knot = 1.152 mile per hour 
1 mile per hour = 88 feet per minute 
1 mile per hour = 1.467 feet per second 


Table 5: Basic Greek Symbols: 


Name Symbol 


Alpha 


Beta 


Chi 


Delta 


e lope 2 


Epsilon 


Eta 


Gamma 


Iota 


Kappa 


Lambda 


Mu 


№ 


Omega 


Phi 


а Е |< Ея 


Рі 
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Psi 
Rho 
Sigma 
Tau 
Theta 
Xi 
Zeta 


м им Фа а fo te 


2..2, 3.1415926 «л < 3.1415797 


п= 3.14159 26535 89793 23864 26433 83279 50288 41971 69399 37510 


Selected Rules & Suggestion for SI Usage: 

(1) Care must be taken to use the correct case for symbols, units and prefixes 
{е.5 m for meter or milli, M for mega) 

(2) For numbers having five or more digits, the digits should be placed in 
groups or three separated by a space, counting both to the left and to the right of 
the decimal point (e.g., 61 354.982 03). The space is not required for four-digit 
members. Spaces are used instead of commas to avoid confusion — many 
countries use the comma as the decimal marker. 


(3) In computed units formed by multiplication, use the product dot (e.g., N.m). 


(4) Division may be indicated by solidus (m/s), or a negative exponent with а 


product dot (m.s 1) 


(5) Avoid the use of prefixes in the denominator (e.g., km/s preferred over 
m/ms). The exception to this rule is the prefix k in the base unit kg (kilogram). 
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Resultant & Components: If a number of forces Ру, P2, Рз - 
acting simultaneously on a particle, then a single force, which will produce the 
same effect as that of all the given forces, is known as a resultant force. The 
forces Ру, Ра, Рз --- --- etc, are called component forces, 


- еіс., are 


As discussed previously, a force is that it can push or pull a rigid body. Now 
suppose that the rigid body is pushed or pulled by more than one force at a time. 
The effect of the forces acting together should be the same as the sum of the 
effects of each on acting separately. The process of finding the sum of the 
effects of all the separate forces is called composition or addition. The answer 
obtained when forces are added together is called the resultant force. The 
single resultant force will do everything to the rigid body that each of the 
separate forces acting individually and simultaneously will do. In a great many 
problems much worked can be saved by adding a lot of forces together into a 
single resultant, and then dealing with the single force rather than with a lot of 
separate forces, 


The process of adding forces together must be done in accordance with the 
parallelogram law of addition, because forces are vector quantities. 


The process of composition (addition) of forces may be reversed into a process 
called resolution (breaking apart) (i.e. the process of finding components of a 
force called resolution). Each of the forces into which a given force is broken is 
called a component force, In contrast to situation where a set of forces could be 
combined into only one possible resultant, a given force can be broken up into 
an infinite number of possible components. 


Rectangular Components /Orthogonal Components: Of all possible 
combination of components, only one is much importance in statics. This 
combination is arranged in such a way that there are only two components in the 
combination. Further than that the two components are chosen so that they are 
at right angles to each other, For this reason, they are often called 
reetangular/orthogonal components. 


Parallelogram Law of Forces: This law was formulated based on experimental 
results. Though Stevinus employed it in 1586, the credit of presenting it as a law 
goes to Varignon and Newton (1687). The parallelogram law of forces enables 
so to replace the two forces acting at a point by a single force called the 
resultant force acting at that point without altering any effect on the body. 
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It states, “If two forces acting simultaneously on a particle be represented, in 
magnitude and direction, by the two adjacent sides of a parallelogram, their 
resultant may be represented, in magnitude and direction, by the diagonal of the 
parallelogram passing through the point of their intersection.” 

Е = One component force 

E- Another component force 

К = Resultant of two components forces Е and Е, 

a= Angle between two components forces Е and Е, 

8, = Angle between resultant force R and component force Е 


9 25 Angle between resultant force R and component force F, Я 


Figure 1: Parallelogram law 


2р2 p2 
R -5 +B + OFF, cosa 


2 2 
R=, Е + + 2F F cosa 


F, sino F sina 


2 & ano 


tad, ERTE EET, 
| +F cosa jj +F cosa 


If more than two forces are acting on a body, two forces at a time can be 
combined by the parallelogram law of forces and finally the resultant of ай the 
forces acting on the body can be obtained. 


Example (1): Find out the magnitude and resultant of two forces acting 
simultaneously on a particle at point A. 


Solution (1): Е- One component force = АВ = 500 М 
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F, = Another component force = АС = 400 N 
а = Angle between two components forces F and Е, = 60° 
R = Resultant of two components forces Еу = 500 М and F, = 400 N 
0, Angle between resultant force R and component force Р 


1 
8 27 Angle between resultant force R and component force Е, 


© 


F2 400 N Figure 2(а) 


Е = 500 М 


2 p2 
+ Fy + 2Е, F cosa 


2 
+ Fy + 2F F coso 


=>> R = (зоо)? + (409)? + 2(500400)(со5650) 
=>> R= 760,9515 N 


Fjsint  400sin65? 
F +F,cosa 500 + 400cos65 
8, = tan 7 1(0.54184975) = 28.451030 


tanü, = „54184975. 


1 


F sina P 
tan, = — -— 90065 041284352 


2 Е, + Ficosa 400 + 50060365 


8, = tan 7 1(0.741284352) = 36,548960 


Check: 8 +8, =28.45103° +36,548960 = 65° =a 
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Figure 2(b): Solution of example (1) 


Rectangular Components /Orthogonal Components: For о = 90°, we get the 


special case of components which are perpendicular to each other. 


2_ 62.62 9 
R =F ыг + 2E F coso 


я 2 
R=, Е, + 2Е Е, cosa 


=90° R= |2 4 F2 о fr? 2 
Fora ой, R= (Е +E) +28 F с0590° = JE & F7 


2 2. 92 
R =Е Е, 


F| =Reos@ and F, =R sint, R? =, cos)? HF, sing) 


Figure 3: Rectangular or orthogonal components 


Components of a resultant that are at right ankles to each other are called 
rectangular or orthogonal components; when they are in the direction of 
reference axes X and Y, they are usually designated by F, and F. 
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Figure 4: Rectangular or orthogonal components 


Yt 
A 


= sD ХК 
Feos@ B 


Figure 5: Rectangular or orthogonal components 


: 2.4 
sind = ; соз0 = — Qa хожуу 
х2 +у2 dy? cos Gx? +y?) x 
0-sin-! -ex lE =t! Y 
x «y? x^ +у 
Е =Feos@ =F x ——* 
x 2 
x cy 
Е =Fsind=Px—— 
y ERE 
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Example (2): Compute rectangular (horizontal & vertical) components of the 
force 100 N shown below. 


Y+ 
A 


i 
Fe? — —H- 


Figure 6(a) 


99 


Figure 6(b) 
Solution (2): 
Method 1: 
x 4 
F Ех 100 —*  -100x =80М (э) 
Хо үк?+у? va? +32 3 
y 3 3 
в Е У =100x 3 -100x2-60N (1) 
y x2 [11132 5 


Engineering Mechanics (Statcs}# ta, Вити Amin -38- 


Method 2: 


хап = 


Ө=їап^! (3) zu! (2)- тап” 100.75) = 36.869899 
х 


Е, = Feos0 =100х соз(36.869899) = 80 N (—) 


t = Fsind = 100 x sin(36.86989°) = 60 N (1) 


Example (3): The guy wire of an electric pole makes an angle 30° to the pole 
and is subjected to 20 KN force. Find the vertical and horizontal components of 
the force. 


30° 
F 
х 
20 kN № 30° 
Electric ын 
Guy wire 90 kN 
Е 
y 
Example (3) 


Solution (3): F, = 20xsin 300 = 10 kN. 


& Е, = 20x cos 30° = 17.32050808 KN. 


Example (4): A block weighing 10 KN is resting on an inclined plane. 
Determine its components normal to, and parallel to the inclined plane. The 


plane makes an angle of 20 with the horizontal. 


10 kN Example (4) 
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Solution (4): Component of weight normal to the plane = 10 x cos 20° = 
9.396926208 ЮМ & component of weight parallel to the plane = 10 x sin 20° = 


3.420201433 КМ. 

Experimental Verification of Parallelogram Law of Forces: See page no 8 of 
Introduction to Structural Mechanics (for building & architectural students) ~ 
Trefor J. Reynolds & Lewis E. Kent, The English Universities Press Ltd., St. 
Paul's House Warwick Lane, London EC4. 


Equation of Staties / Laws of Equilibrium: See previous chapter. 
Lami's Theorem & its limitation: If a body is in equilibrium under the action 
of three concurrent coplanar forces, each force is proportional to the sine of the 


angle between the other two forces. 


Thus, for the system of forces shown in figure 9. 


sina sinB зілу 


Figure 9: Lami’s theorem 


If a body is in equilibrium under the action of a number of forces, it may be 
analysed using the equations of statics (ZF, =0 and УЕ, =0). Lami’s theory 


is applicable only if the body is in equilibrium under the action of three coplanar 
concurrent forces. 


Note: If the magnitude of reaction comes out to be negative, then assumed 
direction of reaction is wrong. It is acting exactly in the opposite to the assumed 
direction. However, the magnitude will be the same. Hence, no further analysis 
is required. This advantage is not there in using Lami’s equation. Hence, it is 
advisable for beginners (о use equations of equilibrium, instead of Lami’s 
theorem even if the body is in equilibrium under the action of only three forces. 
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Note: If two forces pass through one point, the third force must pass through 
that point to make it equilibrium (16. those three forces must be concurrent). 


Пи 8 
ШОЕ) 
Problem (1): A boat is held against the current of a stream. The force in the 
stream is 100 Ib to the right. Determine the tension in the two tie lines AB and 


BC. 
Answer (1): Tension in AB = 56.6947 Ib & tension in BC = 75.5929 Ib. 


30 


= 20 feet 
У 
с Figure for Problem (1) 


Problem (2): A ship is to be towed ta shore using two tug boats. If one tug boat 
is applying а horizontal force at 20° and another at 30° to the east, determine the 
ratio of forces applied in two tug boats and the net force acting in the direction 
of east. 


Tug boat Ру 


Resultant (R) > East 
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Solution (2): Summing the forces in a direction perpendicular to the east (T+ve) 
= Reos90 — Р, sin20°- P, sin30° 

= 0=P sin20"- Р, sin30” 

Р sin30° 


d g = 14619022 
Р, sin20 


> 


Summing the forces in a east direction (ve) 


=> R соѕ0?= P cos20" + Р, соз30° 


=R= P cos20° + Р, сав307 = 1.532088886 "n or 2.239764114 P, (after 
P, 11300 

substituting = m 

Р, sin20 


Alternatively, by parallelogram taw of forces 


o parpi UB E 0 4 399 
= R= үрү +P) +2РР,созРР, = JP? +P) +2P P cos(20° +309) 


P 51300 
substituting a ot 
Р, sin20' 


R = 1.532088886 Р, or 2.239764114 Р, 


Р 
Answer (2): Ratio of z^ 14619; Resultant (P) = 1.53209 P, = 2.23976 P, 
2 


Problem (3): a body is subjected to the three forces. Determine the direction of 
the force F so that the resultant is in X-direction, when F = 5000 N. What will 
be the resultant? 

Answer (3): 8 = 53.130; resultant = 4732.0508 № (>) 


1000 N 2000 Ч 
30° 
- PG Resultant 
! 
Problem (3) i F=5000N 
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Problem (4): Determine the resultant of the three forces acting on an eye bolt. 
Answer (4); F = 69,30128 N; 8 = 137.663? 


Problem (4) 


Problem (5): Resolve a 100 Ib. force into two components, one making an angle 
of 30° with the force and the other an angle of 75° with it. 

Answer (5): 100 Ib. (30° with the 100 Ib. force) & 51.76380902 Ib. (75° with the 
100 Ib. force). 


Problem (6): A simple slingshot about to be "fired", If the rubber band has а 
stretch of 3 Ib. per inch, what force does the band exert on the pellet and hand? 
The rubber band is 5 inch long when unstreched. 

Answer (6): 33.25691719 Ib, ! 


rubber band 


Problem (6) 


catapult 
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Problem (7): Resolve the 100 lb. force into components parallel to BC & AB. 


Answer (7): Ево = 111.6025404 Ib. & Fag = 55.90169945 Ib. 


100 Ib, 


] 
10 7 
Problem (7) 


B 
шаах 


Problem (8): The 500 Ib, force is to be resolved into components along the AB 
& AC directions measured by the angles @ & B. If the component along AC is to 


be 800 Ib. & the component along AB is to be 1000 tb., compute o & В 
Ү+ 


Problem (8) 


Solution (8): Resultant = 500 Ib. & component forces = 800 Ib. & 1000 Ib. 
Resultant in X-direction = Xcomponents forces in X direction. 

» 5 cos 60° = 10 cos В - 8 sin a ss) 

Resultant in Y-direction Y components forces in Y direction. 

» 5 sin 60° = 8 cosa- 10518, Gi) 

Solving equations (1) & (ii); а = 67.9032089° & В = -7.589501548°. 
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EN 


Solution (8) 


> X+ 


Answer (8): à = 67.9032089° & В = -7.589501548°, 


Problem (9): А 100 Ib. force is resolved into components along AB & AC. If the 
component along АВ is 700 lb., determine the angle a and the value of the 
component along AC. 

Answer (9): à = 89.42416779° & Fac = 707.1424937 Ib. 


c Problem (9) 1000 Ib. 


A B 


Problem (10): Forces are transmitted by two members to pin А. if the sum of 
these forces is 700 Ib. directed vertically, what are the angles о & В. 
Answer (10): а = 55.95226763" & В = 45.5846914°. 


400 Ib. 500 Ib. 


Problem (10) 


Problem (11): What is the sum of the forces transmitted by the structural 
members to the pin at A? 
Answer (11): 846.4146603 Ib. 
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Problem (12): In problem (11), if the total force transmitted by the members to 
the pin at A be inclined 12° to the horizontal & if we do not change the force 
transmitted by the horizontal member, what must be the new force for the other 
member? What is the resultant force? 

Answer (12): Force in inclined member = 221.431613 10; Resultant = 
684.5863101 Ib. 


400 Ib. 


Problem (11) & (12) 


500 Ib. 


Problem (13): Find the rectangular components Fy and Ру. 
Answer (13): Ех = 211.3091309 Ib, (=) and Fy = 453.1538935 Ib. (1). 


Үе F = 500 Ib. 


Problem (13) 
^ gst 


o X+ 
Problem (14): Find the rectangular components Fx and Fy. 
Answer (14): Ех = 433.0127019 Ib. (<) and Fy = 250 Ib. (1). 


YF 
F = 500 lb. 


150° Problem (14) 


xe 


Problem (15): Find the rectangular components F and Еу. 
Answer (15): Fx = 409.5760221 Ib. (<) and Fy = 286.7882182 Ib. (1). 
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X+ 


Problem (15) 
F = 500 Ib. 


Problem (16): Find the rectangular components Fy and Fy. 
Answer (16): Fx = 409.5760221 Ib. (—) and Fy = 286.7882182 Ib. (1). 


Yr 


Problem (16) 


X+ 


F = 500 Ib. 


Problem (17): A cable exerts 5000 Ib. force on a vertical pole, The force in the 
stay wire should cause the resultant force on the pole to be downward and 
collinear with the pole, Determine (a) the horizontal & vertical components of 
the cable pull, (b) the horizontal & vertical components of the reaction in the 
stay wire & (с) the net force on the pole. 

Answer (17): (а) 4095.760221 Ib. (—) & 2867.882182 Ib. (1) (b) 4095.760221 
lb. & 5849.351796 Ib. and (c) 8717.233978 Ib. 


Cable force, 5000 Ib. 


Stay wire 
Problem (17) 
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УШШ Concurrent 01689 


If all the forces in a system lie in a single plane and pass through a single point, 
then the system constitutes a coplanar concurrent force system. 


If the resultant of a number of forces, acting on particle is zero, the particle will 
be in equilibrium, Such a set of forces, whose resultant is zero, are called 
equilibrium forces. 


The force, which brings the set of forces in equilibrium, is called an equilibrant. 
The equilibrant is equal to the resultant force in magnitude, but opposite in 
direction. 


Resultant of a force system is one which will have the same translation and 
rotational effect as in the given system of forces. It may be a single force, a 
system of force through a single point and moment, or a moment only. The 
concept of rotational effect (moment) need not be known when only the 
concurrent force systems and handled. 


Equilibrium Conditions: 
Concurrent forces: (i) The algebraic sum of all the horizontal components of 
the forces must be equal to zero, i.e. the total sum to the /ef must equal the sum 


to the right. 
(ii) The algebraic sum of all the vertical components of the forces must be equal 
to zero, i.e. the total sum upwards must equal the total sum downwards. 


Triangle Law of Forces: If two forces acting simultaneously on a body are 
represented by the sides of a triangle taken in order, their resultant is 
represented by the closing side of the triangle taken in the opposite order. 


If more than two forces are acting on a body, two forces at a time can be 
combined by the triangle law of forces and finally the resultant of all the forces 
acting on the body can be obtained (see figure 1). 


AB+BC = AC 
Рав Fac "ТАС 
P+Q=R 
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Figure 1: Triangle law of forces 


Polygon Law of Forces: If a number of concurrent forces acting 
simultaneously on a body are represented in magnitude and direction by the 
sides of a polygon taken in order, then the resultant is represented in magnitude 
and direction by the closing side of the polygon, taken in the opposite order (see 
figure 2). 

AB+BC+CD+DE = AE 


Fae "вс *Ёср * БВ 
Р-0-К-4-Т 


R Q 


A P B 


Figure 2: Polygon law forces 
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Experimental Verification of Triangle Law of Forces: See page no 34 of 
Introduction to Structural Mechanics (for building & architectural students) — 
Trefor J. Reynolds & Lewis E. Kent, The English Universities Press Ltd., St. 
Paul's House Warwick Lane, London ЕС4. 


Experimental Verification of Polygon Law of Forces: See page no 40 of 
Introduction to Structural Mechanics (for building & architectural students) — 
Trefor J. Reynolds & Lewis E. Kent, The English Universities Press Ltd, St. 
Paul’s House Warwick Lane, London EC4. 


Problems 


Problem (1): Determine the magnitudes of P and Q necessary for equilibrium of 
point О, 


Y 


150 Ib 200 Ib Problem (1) 


Solution (1): EF, = 0; (—+ve) 

4 = 
32 +42 
=> Q=- 62.227 16. 


= + Q cos 30" - 150 cos 45° + 200 х 0 


EE, = 05 (hve) 


= +P +Q sin 309- 150 sin 45° - 200 x 


= +P =- Q sin 30°+ 150 sin 45° +200 х ne 
үз +42 
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=> + P=- (- 62.227) sin 30°+ 150 sin 45° + 200 x 


=> P =+ 257.205 №. 


Answer (1): P = + 257.205 15; Q = – 62,227 lb. 


Problem (2): The forces shown in equilibrium. What are F and 0? 


Answer (2): F = 119.312 Ib; Ө = 263.554? 
Y 
F 
20016 
100 1b 
0 
400 А 
x 
3 
4 
Problem (2) ¥ 150 1b 10018 


Problem (3): А 5000-16 sphere rest on a smooth plane inclined at ап angle 40° 
with the horizontal and against a smooth vertical wall. What are the reactions at 
the contact surfaces A and B? 
Answer (3): 5000 Ib., 7070 16. 


Problem (3) 
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Problem (4): A 500 Ib. cylinder A rest on a smooth inclined plane. For a tension 
in the rope of 250 ib. find the inclination of the plane and the plane reaction. 


Problem (4) 


Solution (4): 


Y 


Free-body diagram of 
the sphere 


500 Ib. 


EF, #0; £250. 500 cos 6-0 


20- cos (2) =60° 
500 


ZF, =0;+N-500sin0=0 
=> N = 500 sin 0 = 500 sin (60°) = 433.0127019 Ib. 


Answer (4): 30°; 433.0127019 Ib. 


Problem (5): A 2500 Ib. wheel with a radius of 3 feet is acted upon by a force Р, 
which tends to pull the wheel over the obstruction at A. At the instant the wheel 
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is about to move, the reaction between the wheel and the ground is zero. What is 
the magnitude of force F at this instant? 
Answer (5): 2500 Ib. 


6 feet diameter wheel! 


Problem (5) 


Тз feet 


Problem (6): The bodies, A (weight 50 pound) and B (weight 75 pound), are 
connected by a chord and rest on smooth inclined planes. What is the angle 6 if 
the bodies are in equilibrium? Find also the planes reactions and tension in the 
chord. 

Answer (6): Ө = 23.196° reaction at A = 38.302 Ib; reaction В = 68.937 16; 
tension in the chord = 32.139 Ib. 


Smooth 


Problem (6) 


Problem (7): Two smooth spheres, each of radius 100 mm and weighing 100 N, 
rest in a horizontal channel having vertical walls, the distance between which is 
360 mm. find the reactions at the points of contact af A, В, C & D. 

Answer (7): RAT 133.33 № Rae 166.67 N; Re 200 N; Rpt 13333 N 


"Л 
luc AN 

| ya J Problem (7) 

|<—— 360mm >] 
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Problem (8): A 250 kg mess is suspended by flexible cables. Determine the 
tension in the cables AC and BC. 
Answer (8): T, c, - 125 kg& Tuc. = 216.50 ke 


Problem (8) 


Problem (9): Find the tensile forces in cables AB, BC, BE and BF. The pulleys 
E & F are frictionless. 
Answer (9): F, g5 189.468 N (tension); Рус” 133.975 N (tension); Fyp= 


Fg 500 N (tension) 


500N Problem (9) 
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Problem (10): Cylinders A (diameter 30 cm) and B (diameter 30 cm) have a 
mass of 200 kg each & cylinder C (diameter 60 cm) has a mass of 400 kg. 
Compute all contact forces and plane reactions. 

Answer (10): Reactions between cylinder A & C = 318.201 kg; reactions 
between cylinder B & С = 318.201 kg; reactions between cylinder B & C = 
318.201 kg; reactions between cylinder А & horizontal plane = 400 kg; 
reactions between cylinder B & horizontal plane = 400 kg; reactions between 
cylinder A & vertical plane = 247.491 kg; reactions between cylinder В & 
vertical plane = 247.491 kg; 


Problem (10) 


100cm ———> 


Problem (11): Find the weight W & tensile forces in cables AB, BC, BD & DE. 
Answer (9); W = 333,333 М (tension); FiB” 944.444 N (tension); Fac" 


555.555 N (tension); Fur, 760.925 N (tension); Fr = 500 N (tension) 


Problem (11) wW 


500 N 
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Problem (12): A weight of 200 Ib suspended by a string is pulled aside by a 
horizontal force P. what is the horizontal force P and the tension in the string? 


Problem (12) 
Solution (12): Tension in the cable = T 
T i 
230° 
Р 
200 Ib Free-body diagram 


Summing the forces in vertical direction (1 +ve) 
= T cos 30° -200 = 0 
=> Т=230.9401077 Ib. 


Summing the forces in horizontal direction (— +ve) 
= P cost? - T sin 30°=0 
= P =T sin 30° = 230.9401077 sin 30° = 115.4700538 Ib. 


Alternatively, since three-concurrent forces is in equilibrium, Lami's theorem 
can be applied 
T . 200 


sin909 511500 sin 120° 
=> T - 2309401077 Ib. & P = 1154700538 Ib. 


Answer (12): Horizontal force (P) = 115.4700538 Ib; Tension in the string = 
230.9401077 ib. 
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Problem (13): Calculate the force in members AB and BC. 
Answer (13): Б, p= 91.955 Ib (tension); Fp o= 65.270 Ib (tension) 


Radius 2 inch 


Problem (13) 4| 5019 


Problem (14): The square formed by five members is hinged at ай corners. 
Calculate the forces in all the bars. 


AB “Рве "fep 


Answer (14): F p =F =0&F, ç 801 


80 Ib 


Problem (14) 


80 Ib 
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Problem (15): What are the reactions at point of contact A and В? All the 
surfaces are assumed smooth. 
Answer (15): Reaction at А = 20.8 Ib & reaction at В = 12 Ib. 


Ball weight 24 16 


Problem (15) 


Problem (16): What force P is required to hold the block (weight 150 Ib) 


stationary? 
Answer (16): Force (P) = 212 Ib. 


P 


Problem (16) 


Problem (17): The electric light fixture has a weight of 50 Ib. Determine the 
tensile force in members AC and BC. 
Answer (17): Ерс 739.616, F, = 22.2 Ib. 


Problem (17) 
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Problem (18): The weight W is 50 Ib., member AB can sustain load of 57.5 № 
tension and BC can sustain a load of 86.6 Ib compression. Assume all the 
members are pin connected. What is the angle 07 


Solution (18): Given, Fag (maximum) = 57.5 Ib. & Given, Евс (maximum) = 
86.6 16. 


Fas < 57.5 Ib 
a 
В Foc < 86.61 
50 Ib Free-body of joint B 


Summing the forces in horizontal direction (— +ve) 
= Fac cos0" — Fan coso = 0 

= Fac= Рав cosa 

Summing the forces in vertical direction (| +ve) 

= Fag sina - 50=0 

=> Fag sina = 50 

Ist condition - if Fac = 86.6 lb. 

= Foc= Рав cosa = 86.6 & Рав sina = 50 


F, sina 
САВУ?" = tana = 22; «= 48,39646977° 
m 86.6 
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Check, force in member AB, РАВ = (Р ав +f, 


y (507 + (8 ву? = 99,99779998 Ib. (which is more than Fag (maximum) = 


57.5 15,) Not ОК. 
2nd condition - if Fag = 57.5 16. 
=> Рав sing = 50 = 57.5 sina 


= sine = 22, а = 6040815421? 
57.5 


Check, force in member BC, Fac = Fag cosa = 57.5 c0560.40815421? 
28.39454173 (which is less than Fgc (maximum) = 86.6 Ib.) ОК. 


cos. 
В 


Answer (18): a = 60.40815421° 


Problem (19): Two identical rollers, each weighing 100 N, are supported by an 
inclined plane and a vertical wall. Assuming smooth surfaces, find the reactions 
induced at the points of contact A, B, C and D. 

Answer (19): Ry = 86.60 N; RB =50 М; Вс = 144.34 № Вр =115.47 М 


m Problem (19) 


Problem (20): Same as problem (19) with an additional 50 N force. 
Answer (20): RAT 86.60254038 N; Ree 100 N; Ror 173.2050808 N & 


Вр- 173.2050808 N. 
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m Problem (20) 


Problem (21): Same as problem (20) but angle of inclination 0" instead of 30". 
Answer (21): R , =100N;R,, =50N;R o «I0N;Rz =50N 


Problem (21) 
2 


Problem (22): A chord supported at A and B carries a load of 10 kN at D anda 
load W at C. Find the value of W so that CD remains horizontal. 
Answer (22): W = 30 КМ 


w ©) С) токм Problem (22) 


Problem (23): A sphere weighing 100 N is tied to a smooth wall by a string. 
Determine the tension in the string and the reaction from the wall. 
Answer (23): Tension in the string = 103.53 N and Reaction = 26.79 №. 
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Problem (23) 


Problem (24): A ball weighing 500 № is tied to a roof slab and is resting on a 
plane at 40° to the horizontal. Determine the reaction from the inclined plane 
and the tension in the string. 

Answer (24): Reaction = 266.04 N & Tension = 342.03 N. 


Problem (24) 


Problem (25): What force Р is needed to resist the downward motion? Find also 
the reaction of the surface. Given, block A weight = 2500 М 
Answer (25): Force (P) = 866.025 N; Reaction = 2000 N 

Smooth 


1000 N 


Smooth Problem (25) 
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Problem (26): Wedge A (weight 150 kip) supporting a downward load of 100 
kip is pressed between two blocks B (weight 75 kip) and C (weight 50 kip). 
What P is needed to resist the downward motion of wedge A. Find also the 
reactions from the planes and contact surfaces. All the surfaces are smooth. 
Answer (10): Force {Р) = 708.909 kip; reaction between block A & В = 719.846 
kip; reaction between block A & C = 719.846 kip; reaction between block C & 
horizontal plane = 175 kip; reactions between block C & vertical plane = 
708.909 kip; reactions between block B & vertical plane = 200 kip. 


Problem (26) 


Problem (27): Block A (weight 75 Ib) and block B (weight 50 Ib), rest on each 
other, connected by a chord which passes бусгаа frictionless pulley. The 
surfaces between block A & B and block B & 30° inclined plane are smooth. 
What force P is needed to resist the downward motion of block A. Find also the 
tension in the chord and the reaction between block & A and block B & the 30° 
inclined plane 

Answer (27): Force (P) = 12.5 Ib; tension in the chord = = 37,50 Ib; reaction 
between A & B = 64.952 Ib; reaction between B & 30° inclined plane = 108.253 
Tb. 


Problem (27) 
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Problem (28): Two resting against each other are placed on a surface inclined at 
an angle 30° to the horizontal. Block A, weighing 30 N, is placed down the 
incline from block B, which 500 N. What upward force P will resist the 
downward motion of the two blocks A and В along the plane. Determine also 
the reaction at contact surface between A & B and plane reactions. 

Answer (28): Р = 265 М (upward); reaction between A & В = 250 № reaction 
between A & 30" inclined plane = 25.981 N; reaction between В & 30 inclined 
plane = 433.013 N 


Problem (28) 


Problem (29): Two smooth cylinders of 2 feet diameter rest in a box. Determine 
all the contact forces, Each cylinder weighs 50 Ib. 
Answer (29): Ry = 12.9103 10.; Ra = 51.6398 15. К 


7100 Ib. 


c^ 12.9106 Ib & Rp 


Problem (29) 


Problem (30): Two cylinders, А af weight 4000 N and В of weight 2000 N rest 
ой smooth inclines. They аге connected by a bar of negligible weight hinged to 
each cylinder at its geometric centre by smooth pins. Find the force P to be 
applied such that it will hold the system in the given position. 

Answer (30): Р = 1071.796 N 
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Problem (30) 


Problem (31): Three cylinders ate pinned in a rectangular ditch. Neglecting 
friction, determine the reaction between cylinder A and the vertical wall. Given, 
Cylinder A (weight 75 N, radius 100 mm), Cylinder B (weight 200 М, radius 
150 mm), Cylinder A (weight 100 N, radius 125 mm). 

Answer (31): 400 N. 


Е 450 mm 


Problem (31) 


Problem (32): Two cylinders of diameters 100 mm and 50 mm, weighing 200 N 
and 50 N, respectively are placed in trough. Neglecting friction, find the 
reactions at contact surfaces 1, 2, 3 & 4. 

Answer G2): Ry 737.5 NR, =62.5 №8; =287.5 NR, 53535 N 
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Problem (32) 


Problem (33): A continuous string ABCDE passes over smooth pegs at В & D, 
10 inch on centers. To the ends of the string are attached the weights МА = 7 Ib 
and Wy = 5 ib, A 10 Ib weight is attached C and the bodies are in equilibrium. 
Determine the distance ‘a’ and the angle a? 


"E 10 inch | 


Abu Problem (33) 


Solution (33): Free-body of joint F 


EF. =0 (hve) + 5 cos 0-7 cos B= cos B= 5 соз @ 


2 аә 25соз2а 
= sinp = 1- c05? = Зө „сдана 
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71b. Solution (33) 51b. 


10—5 sina; = 449-25сов 


5 49-2500820 = (10-5 sin o)? = 100—100 sina 258020 
=> 100sin a= 100 - 49 — 25(sin2a.+ соза) = 100 — 49—25 = 76 


> sinu 2; o= sin" (35) 49 464197897. 
100 160 


10-5 зіла 


5 
о а. соза 


| costs 45419769 | = 62.3395501°. 


= = XE = cos” 


>> tan B= h &tana= 
a (10-а) 

=> h=atanß= (10-a) tana 

=> a tan 62.3395501" = (10 — a) tan 49.46419789°. 

= a=3.80 inch. 

Answer (33): a = 3.80 inch; а = 49.46419789°. 


Problem (34): Determine the force in the bar AB and plane reaction and reaction 
components at B. Bar AB is weightless and cylinder has a weight of 50 lb. 
Answer (34): Fas = 33.2731 Ib (compression); plane reaction = 46.9137 Ib; Rax 
= 30.1556 Ib (>); Ray = 14.0618 Ib (T) 
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Problem (34) 


Problem (35): Determine the tension in the cable BC and reaction components 

at A. Bar АВ has a weight of 20 10 & length of 10 feet. 

Answer (35): Tac = 25.3216 IR АХ = 26.2764 |b OUR Ау = 0.602515 (T) 
2 


Problem (35) 


Problem (36): Two blocks A (weight 100 lb) and B (weight 200 Ib) are 
connected by a horizontal straight bar. What force P required to prevent the 
downward motion of block A? Find also the plane reactions and bar force. 
Assume all the planes are smooth. 

Answer (36): Р = 37.26417 10: R 7155572 Ib; Квт 229.813 Ib; Ев” 


119.175 16 (compression) 


Problem (36) 


Smooth 
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Problem (37): A sphere of weight 50 Ib. rest on smooth planes. What will the 
plane reactions at A & B under the action of forces? 
Answer (37): R =145.35891b(1}; R 69:282015(7) 


Problem (38): The frame (see figure) is pin-supported at A and roller supported 
at В. The pulley is free to rotate on a frictionless pin at С. the weight 100 Ib. is 
held in equilibrium by the force P in the rope. What forces are induced in the 
members of the frame? 

Answer (38): Fag = 344.8876518 1. (compression); Fac = 152.1566686 Ib. 


(tension) & Евс = 275.9101214 Ib. (tension) 


| 12 ft 


WH 


Problem (38) 


160 Ib. 
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Problem (39): Determine tension in the chord AB. Sphere С weighs 100 Ib. & 
all the contact surfaces are smooth. 
Answer (39): Tag = 73.20508076 Ib. (tension) 


Problem (39) 


Problem (40): Determine the two unknown forces in the truss members. Are 
they tensile or compressive forces? 

Answer (40) — 228.5575219 Ib. (compression) & - 233.0253664 lb. 
(compression). 


0 Problem (40) 


Ён Ib. 


Problem (41): The equal weights are symmetrically placed, Determine the angle 
o 
Answer (41): 0 = 30° 
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Problem (41) 


wW 


Problem (42): Determine W as a function of h. 


_10yh? +12 


h 


Answer (42): W 


<= Ay 


Problem (42) 20 lb. 


Problem (43): A rope is sluing around a homogeneous box of 200 Ib. weight, in 
order to lift it by means of a crane. Neglecting friction between steel ring and 
rope, determine the force in the rope and angle a. 
Answer (43): Force in the горе = 200 Ib. (tension) & angle (a) = 120°, 
i 
юг эр Гы 


Steel ring +——>, | 
Ї а € Rope 


Problem (43) 
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Problem (44): Determine the force in the member AB & ВС. 
Answer (44): Fag = 1000 N (tension); Евс = 1120 N (compression) 


Problem (45): Determine tension in the cables AB, BC & CD. 
Answer (45) Tag = 4.618802154 lb; Tec = 2.309401077 lb; Tcp = 
2.828427125 Ib. 


c 
Problem (45) 
Ў 
m 
4 kip 
E 
2 22 2 


Problem (46): Determine the forces in members АВ, AC, CE & DE. Contact 
surface at A & E is smooth. 

Answer (46): Fag = Fpg = 780.8688094 [b. (compression); Fac = Есв = 
528.4552846 1b. (tension) 
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30001 


Problem (46) 


>! 
АЕТ] 24 u^ 


Problem (47): Determine force P to make the frame in equilibrium. Also 
determine the force in members AB & AC. 

Answer (47); Р = 8 kN (|); Рав = 11.6952176 kN (tension); Fac = 17.91811291 
kN (compression) 


Problem(47) © зум 


Ї 
i bm, 
К 0.3m 51€— —— 08m — 
Problem (48): Determine the force in cable AC & member ВС. 
Answer (48): Fac = 437.1281292 lb. (tension); Fec = 450.5176206 tb. 


(compression) 


Cylinder (weight = 100 Ib.) smooth 


cable 


60 Tb. 
Problem (48) 
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Problem (49): A 1000 Ib, wheel with a radius of 3 feet is acted upon by a force 
F, which tends to pull the wheel over the obstruction at A. At the instant the 
wheel is about to move, the reaction between the wheel and the ground is zero. 
What is the magnitude & sense of least force F at this instant? 


6 feet diameter wheel] 


Problem (49) С. T foot 


Solution (49) 


45 


Solution (49): ХЕ, = 0 (>+ve); = *Feosü- Rx 57 =0 


ЕЕ, Они + F sind + Rx i -1000-0 


Eliminating R from the above two equations 
= +2F cos) + JF sind = 1000/5 


.. 1000/5 
2cos0 445509 
100045 
= Fs 
e 3 2 45 
YQ)? « (Sy? | cos + => — sind 
Yor +o? dod? 
_ 1000-/5 
= r= 48 
{еә + Shane 
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let, sina = 2 &cosu= ат a (2) = ect = 41,81031489°, 
100045: 
100045 Е 


=> FH = 
3[sina с038 + cosa sinf] ѕіл(о +6) 


Е will be minimum, if the quantity in the denominator (Le. sin (050) is 

1000/5 
Sue. 

sin(a + 8) 


maximum. Maximum value of sin (+8) is | & Fminimum = 


100045 
i = 745.3559925 Ib. 


= sin (a+8) = 1 = sin 90°; «+9 = 90° 
=> 0 = 90° a = 90% 41.81031489° = 48.18968511°. 


Alternatively, for least value of F; z = 02 


_ 100045 
2со 5sino 
ЧЕ _ -100045 
ES dE m 10009 
48  (2cos8 + 5 тб) 
> (-25т0+ 15030) =0 


> 8= tan” {$) = 48.1896851 1°. 


(-2880445с036) =0 


Substituting this value of = 48.1896851 1° in the expression of F. 
.. MONS 1000/5 
2cos8+VSsind — 2с0548.189685110 + Ssin48.18968511 


=> F =745.3559925 Ib, 
*for details, see any book on differential calculus (topics: maxima & minima). 


Answer (49): F = 745.3559925 Ib. & 0 = 48.1896851 1°, 


Problem (50): The wheel (weight 1000 lb. & diameter 6 feet) is on the point of 
rolling over the block (that is, the reaction at B is zero, but the wheel has not 
moved). What is the magnitude and sense of the least force Е that will produce 
this condition? 

Answer (50): Е = 547.4125729 Ib. & 0 = 33.1896851 15, 
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Montent 8, Parallel ШИП Forces 


How We Produce Turning or Swing Movements: Whenever a body is 
restrained by means of a hook, nail or hinge, and a force is applied to it, the only 
kind of motion of which it is capable is that of tuming. Thus a door can only 
turn about hinges; the suspended nail swings at the end of the string to which it 
is attached; children playing at see-saw cause the plank to swing about the fallen 
tree upon which it is placed, and so on. 


We express this by saying that the force exerts a moment upon the body. The 
greater the power of a force to cause a body to rotate, the greater is its moment. 


Upon what does this moment of a force, i.e., its power to cause turning, depend? 
The answer is that it depends (a) upon the size, or strength, of the force, of the 
force, and (b) upon the distance from the point, or line of restraint, about which 


the force acts. 


The first of these causes is obvious. A force of 10 Ibs. must have twice the 
turning power of a force of 5 Ibs., and ten times the turning power of a force of 
1 Ib. and so on. 


EJ. 
81 
* 
А 
б В А 
1 
т Е fr : 
Dfa 3 JF 
21 | 
35 Ed 
k— 3 >I Figure 1: Turning moment on a door 


The effect of the distance of the force from the point of restraint will be obvious 
if we think, for example, of the opening а door. The force F, which will just 
push the door open at the door-knob (figure 1) will not be sufficient to do so at 
B. A much stronger force F| is needed, and the nearer the force is to the hinge- 
line H the greater it must be if it is to succeed in opening the door. 


Moment/Moment of a Force about a Point: The moment of a force is its 
tendency to rotate the body upon which it acts about some point. A moment is 
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quantified by the product of the force and the perpendicular distance between 
the axis of rotation and the force’s line of action. This distance is called moment 
arm & the axis of rotation is called moment center or fulcrum. 


The moment of a force is a measure of its ability to cause a body to rotate about 
a point (called moment centre) or about an axis (called moment axis). 


<— Sense 


d 90° М <— Magnitude 


| 


Point of moments 


Figure 2: Explanation of moment 


Measurement of a Moment: Twa quantities are involved in expressing the 
values of a moment or turning effect, 

(1) The magnitude of applied force. 

(2) The perpendicular distance between the line of action of the force and the 
point about which turning being considered, i.e, the fulcrum. This 
distance is termed the arm of the moment. 

The value of the moment increases directly as these two quantities increases, so 
that we multiply them together to obtain the actual moment. 


Mo=F xd 
Mo = Moment of force Е about point O 
О = Moment center / axis of rotation 
F = Magnitude of force 
d = moment arm 
It is important to realize that the moment of a force about an axis passing 


through its line of action is zero (because the moment arm is zero). 


A Simple Experiment on Moments: Take a meter scale and drill a neat hole 
exactly in the middle so that it balances when suspended to swing easily on a 
brass peg fitted into a beam or rod to act as a fulcrum (figure 3). 


Engineering Mechanics (Statics) Md. Ruhut Arin -78- 


Take two weights P and О, say 50 grams and 100 grams respectively, and by 
means of loops of thread slip them over the suspended scale, one on either side 
of the fulcrum C. start with the 50 gm. Weight near one end, and slide the other 
weight to fine the exact position to produce to produce the balance or 
equilibrium of the two weights. It will be found that, whatever the positions of 
the 50 gm. weight, the 100 gm. weight must always be moved to half its 
distance from the fulcrum and on the opposite side of the scale to produce 
balance. 


A C B 


Р 50 gm. с 


об) 100 gm. 


Figure 3: A Simple Experiment оп Moments 


Remove these two weights and repeat the experiment for any other pair of 
weights. The results will always show that, as in figure 3, in order to get 
balance, the moment of the force P about C in a counter-clockwise direction is 
exactly equal to the moment of force Q about C in a clockwise direction, 
ie,PX AC = Q x BC 

The experiment proves we are right in measuring moments by the product of the 
force and the distance from the point of restraint, or fulcrum, about which it 
acts, 


Methods of Finding Moment of a Force: based on the definition of the 
moment about a point and Varignon's* theorem, various methods of finding the 
magnitade of moments are possible. They are discussed with respect to two 
dimensional problem (see below). 

(i) From the definition of moment and referring to moment figure 4(a) 

M_=Fxd 
о 
M)=Fx(d) +4,) 


M, =F x(ycos8 + xsin й), clockwise 
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»X 


ON Figure 4(a) 


(ii) Resolving the force into its components in the coordinate direction (see 
figure 4(b)) 
М =F y+F x 
o x' y 
M, = Fcos@ x fy) + F sind x (х) 


М, = Ёх(усовӨ + xsin 8), clockwise 


yt 
K— х law» & 
"A 
£ | | 
| 
| у 
y F 
»X 
o Figure 4(b) 


(iii) Transmitting the force to the Y axis and then resolving it into its component 
(see figure 4(c)) 
M =F хОА 
ох 


M =F x(t xtand) 
М = соб х(у + xtand) 
M = Ех(усов@ + xsin д), clockwise 
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> Х 
о Figure 4(c) 


(iv) Transmitting the force to the X axis and then resolving it into its 
components (see figure 4(d)) 


M =F хов 
о y 
M, =F, x ус) 
M, = Fsindx(x уси) 
M = Fx (reos + xsin б), clockwise 


Y AG у) 
£e 


y Figure 4(d) 


Engineering Mechanics (Statics) Ма. Ruhut Artin TM 


(v) Moment may be found by vector operations 
toa =xity] 
EsFüi*mj) 
1 =cosBand m =- cos(909 — 0) 
E =F (cos0j - sin@ j) 
xi y рх F(cosüi 


-sin 


Мо =roa ХЕ 223) 
M 7 Бх(усовб + xsin 6), clockwise 


In two-dimensional problems, any of the above five techniques can be used to 
find the moment of a force about а point conveniently. But, in three- 
dimensional problems the vector approach is convenient. 


['Pierte Varignon (1654-1722), a Frenchman, and a contemporary of Newton, although nol generally counted among the 
giants of science, made an extremely important contribulion to mechanics in his principle of moments. He is also credited by 
Girwin in his Historical Appraisal of Mechanics as having been the first to evolve the differential equations of maton J 


a sin 
Figure 5(с) 
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Example: Determine moment of force F about point A (see figure 5(а)). 
Method (i): Resolving the force F into two components along АВ & 
perpendicular to AB (see figure 5(b)). 
Component of F along АВ = Fcos@ 
Component of F along АВ = Fsin 
Moment of force of about A, Мл = (Fcos0) x (0) + (Fsin®) х (a) 

= Fa sin (clockwise) 
Method (ii): Perpendicular distance of line of action of F from point A = a 5110 
(see figure 5(c)). 
Moment of force of about A, Ma = (Е) х (a 5110) 

= Fa sind (clockwise) 


Units of Moment: The units of a moment are the product of the units of force 
and distance. Example: N-m (Newton-meter), kN-m (kiloNewton-meter), in-Ib 
(inch-pound), ft-Ib (foot-pound), kip-ft (kilopound-foot), kip-in (kilopound- 
inch). 


Types of Moments: Moments are of the following two types 
(1) Clockwise moments 
(2) Anticlockwise / Counterclockwise moment 


Clockwise moment: It is the moment of a force, whose effect is to turn or rotate 
the body, about the point in the same direction in which hands of a clock move 
as shown in figure 6. 


Anticlockwise / Counterclockwise moment: It is the moment of a force, whose 
effect is to turn or rotate the body, about the point in the opposite direction in 
which hands of a clock move as shown in figure 6. 


Sign of Moment: No definite rule. Conventionally, Clockwise moment is taken 
as positive & anticlockwise moment as negative. 


Counterclockwise 


-ve moment/anticlockwise 
moment : 
Figure 6(a): Types of 
moment 
+уе Clockwise moment 
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Clockwise 
moment 


шаа F 


| 
Wooden disk wow Wooden disk 


Anticlockwise 
moment 


Figure 6(b): Types of moments 


Varignon’s Theorem /Varignon’s Principle of Moments /Law of Moments: 
The French Mathematician Pierre Varignon (1654-1722) gave the following 
theorem which is also known as the principles of moments. 

“The algebraic sum of moments of a system of forces about a point (this point is 
called moment centre) is equal to the moment of their resultant force about the 
same point (i.e. moment cenire)." 


Actually, Varignon stated it in the context of coplanar forces and proved it. 
However it can be generalized to two or three dimensional problems. Geometric 
proof & Vector proof of the theorem is quite simple. 

Parallel Forces: The forces, whose lines of action are parallel to each other, are 
called parallel forces. 


Classification of Parallel Forces: The parallel forces may be broadly classified 
into the following two categories, depending upon their direction 

(1) Like parallel forces 

(2) Unlike parallel forces 


Figure 7(a): Like Figure 7(a): Unlike 
parallel forces parallel forces 
Figure 7: Parallel forces 
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The forces, whose line of actions are parallel to each other and all of them act in 
the same direction as shown in figure 7(a) are known as like parallel forces. 


The forces, whose line of actions are parallel to each other and all of them do 
not act in the same direction as shown in figure 7(b) are known as unlike 
parallel forces. 


Experiment on Parallel Forces: See page no 71 of Introduction to Structural 
Mechanics (for building & architectural students) — Trefor J. Reynolds & Lewis 
E. Kent, The English Universities Press Ltd., St Paul's House Warwick Lane, 
London ЕС4. 


Find the resultant of the following parallel force system 


Rkip 


2 ki 3 ki 5 Кї 
d Р р 


ey 4 5 —э| 
К----- 106 ——— ——35 
— х тэг» 


Y 
1 Kip 4 Юр 


Magnitude of resultant (В) = algebraic sum of forces = (2 + 3 + 5 – 1 4) kip = 
5 kip. 
Direction: Vertically upwards. 
Position: Let ‘x’ ft = distance from the left (on the 1 kip force) measured 
towards the right. 
(R kip x x feet) = (2 kip x 3 feet) + (3 kip x 7 feet) + (5 kip x 12 feet) - (1 kip x 
0 feet) - (4 kip х 10 feet) 
— (5 kip x x feet) = (2 kip x 3 feet) + (3 kip x 7 feet) + (5 kip x 12 feet) - (1 
kip x 0 feet) — (4 kip х 10 feet) 

кс 253+3х755х12-1х0-451 


= 9.40 feet. 


Couples: If, in such an example as the one solved above, the sum of the forces 
acting upwards equaled the sum of those acting downwards, two possibilities 


would ensue: 
() If the upward and downward resultant forces acted in the same vertical 
line, the system would be in equilibrium. 
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(ü) If they acted out of line the net effect of the system would be one of 
rotation. A system of forces, such as that suggested in (1), is known as 
a ‘couple’. 
Definition: A couple consists of two equal, unlike parallel forces acting out of 
line. The effect of a couple on a body in one of pure rotation. 


Couple-moment: Two parallel forces that are equal in magnitude but opposite 
in direction and separated by a definite distance are said to form a couple. 


The rotational effect of the couple is called the couple moment. The distance 
between the parallel forces forming a couple is called the arm of the couple. 


Moment of couple = Force arm of couple. 
A couple has a ‘clockwise’ or an ‘anticlockwise’ moment according to the 
manner in which it tends to cause rotation. 


Figure 8(a) 


2,2 Figure 8(b) 
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Figure 8(c) 


Let the magnitude of the forces forming the couple be F and the perpendicular 
distance between the two forces be d (figure 8(a)). Consider the magnitude of 
the moment of these forces about point 1. Let its value be М. Then, 
M, - Fd, + Fd 
1 1 2 
м, = кв, + 45) = Fd (clockwise) 
Now consider the moment of the forces about point 2 which is outside the two 
forces as shown in figure 8(b). Let M; be the moment. Then 
M 27 Fd, - Fd 4 
M, = Fd, Е 4, ) = Fd (clockwise) 


Similarly, even in the case shown in figure 8(с) the moment is Fd only. Thus the 
couple moment about any point is a constant. Since the two forces are equal and 
opposite, their resultant force is zero, hence there is no translating effect. 


Now we can list the following characteristics of a couple: 

(1) A couple consists of pair of equal and opposite parallel forces which ate 
separated by a distance. 

(2) The translatory effect of a couple on the body is zero. 

(3) The rotational effect (moment) of a couple about any point in a constant 
and it is equal to the product of the magnitude of the force and the 
perpendicular distance between the two forces. 

(4) The direction of the couple moment is at right angles to the plane of the 
couple. 

(5) Two couples will be in equilibrium if their moments are equal in 
magnitude but opposite in direction, i.e., ifone is a clockwise couple, the 
other must be a counter-clockwise couple, and so they must cancel each 
other out and the resulting turning effect will be nil (i.e. two couples in 
the same plane of equal & opposite moments, balance). 
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(6) Any two coplanar couples of equal moments in the same sense, are 
equivalent to one another. 

(7) A number of coplanar couples compound into a simple couple whose 
moment is equal to the algebraic sum af the moments of the various 
couples. 


(8) A couple & a force in the same plane cannot be in equilibrium. 
[' the name couple was first used by Louls Poinsol (1777-1959 & his theory of couptes was presented in Éléments de 
Statique (1806). Poinset was engineer of reads & bridges and in 1804 was made professor of mathematics at Ie Lyceum 
Bonaparte] 


Resolution of a Force into a Force and a Couple: ft many engineering 
mechanics problems, it will be advantageous to resolve a force at a point on a 
body into a force acting at some other suitable point on the body and a couple. 
In figure 9(a), F is a force acting on a body at A. 


F 


Figure 9а) 


Figure 9(b) 


Figure 9(c) 
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By applying equal and opposite forces F at B on the body, the system of forces 
is not disturbed. Hence the system of forces in figure 9(b) is the same as the 
system given in figure 9(a). Now the original force F at A and the opposite force 
F at B form a couple, Its effect may be replaced by the couple moment M = Fd. 
Hence, the system in figure 9(b) can be replaced by the system shown in figure 
9(c). thus, the given force Р at A is replaced by a force F at В and a moment М 
= Fd. 


Alteration of the Arm of a Couple-Equivalent Couples: We have seen that 
the moment of a couple is equal to the product of one of the forces and the arm. 
As long as this product is constant, both arm and force may be altered. This in 
figure 10, the couple whose moment = P x p can have a smaller arm by q 
increasing the force to Q such that Q х q=P x p, giving © = РХР. 

q 


Q 


k— 4 —> 
K— ——— р — 


P 
9 Figure 10: Diagram of equivalent couples 
Example of a Couple — The Capstan: A capstan is a well-known device at 
dock-sides, abroad ships and elsewhere. Its purpose is to move or operate heavy 
bodies attached to them by means of a rope R (figure 11) wound around the 
body of the capstan. A long rod projects on either side from prepared holes in 
the rotating cap С. two men work with the mechanism at A and В equidistant 
from C, applying a couple P-P in the directions shown. The moment of the 
couple so produced rotates the capstan. It will be seen that since the lever arm of 
the rope about the center is very small compared with the much greater arm of 
the rotating couple, a very large pull is obtained in the rope sufficient to deal 
with the heavy object it is intended to move. 


Figure 11: Capstan 
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Experimenta] Verification of Principle of Lever: See page no 52 of 
Introduction to Structural Mechanics (for building & architectural students) — 
Trefor J. Reynolds & Lewis E. Kent, The English Universities Press Ltd., St 
Paul's House Warwick Lane, London ЕСА. 


ШИШ 


Problem (1): A concrete wall of density 150 lb/ft? (pef = Ib/f), measures 5 ft х 
4 ft x 8 inch, There is a horizontal pressure 40 psf (psf = Ib/fU) on one side (due 
to wind). Will the block overturn? 


8 inch thickness Sinh 


YO 


5 feet Problem (1) 


Solution (1): The block is tend to overturn about point О. The 40 psf lateral 
force try to overturn & vertical weight of block try to prevent it from 
overturning, 


8 inch thickness 


> 
| 5 feet Problem (1) 


Overtuming moment about point О, EM, = (40 psf* 5 fi * 4 f) * (2 fi) = 


1600 ft-lb. 
Restoring moment about point О, =M, = (150 pef * 5 ft * 4 ft * 8/12 ft) * 


(4/12 fi) = 666.6666667 ft-lb. 
Since, overturning moment > restoring moment; block will overturn about point 


0. 
Answer (1): The block will overturn. 
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Problem (2): What force F is needed to raise the 50 Ib weight and what are the 
tensions in the cables A & В? 
Answer (2): Е = 50 Ib; tension in cable A = 100 Ib & tension in cable В = 100 


16. 


Problem (2) 


Problem (3): The vertical weightless bar, supported at A, is subjected to the two 
horizontal forces. What horizontal force F is needed for equilibrium? What is 
the pin reaction at А? 

Answer (3): F = 333.333 16 (~); Rax = 133.333 Ib (>); Ray = 0 Ib. 


A 


[4———— 400 16 


> 600 Ib 


шини Е Problem (3) 


Problem (4): Rework problem (2) considering the bar has a weight of 50 Ib. 
Answer (4): Е = 333.333 16 (<); Вах = 133.333 Ib (>); Ray = 50 1b (1) 


Problem (5): The 40 Ib platform is supported by two vertical ropes at A & B. 
The 25 16 weight is supported by a frictionless 8 Ib pulley. What is the tension 
in each rope? 

Answer (5): ТА = 70 1b (=35 1. in each rope); Tg = 45 Ib (=22.5 Ib. in each 
горе) 
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Problem (5) 


i; 25 Ib 


100 Ib [7 


4h >< 88 


Problem (6): The frictionless pulley weighs 20 Ib. The weightless horizontal 
beam also supports a 40 Ib load. What is the tension around the rope passes 
around the pulley & pin reactions at B? 

Answer (6): Tension = 18.1436 Ib; Вх = 10.9282 Ib (—); By = 20.7848 Ib (1) 


Problem (6) 


6 feet Afet 71 


Problem (7): Determine the weight W and the reaction at B if the link AB is in 
equilibrium. There is no friction at the pulley. 
Answer (7): W = 4416.6667 lb (|) Rax = 0 Ib & Ray = 5783.3333333 Ib (1) 


$000 Ib 800 Ib 6000 Ib 
4 


2 1.5 Y 


B 


^. 


Problem (7) 
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Solution (7): From the fiee-body diagram of link AB 
EF,-0(— ey Ry =0 


XMg- 0 (clockwise +ve); + (Tx6) - (5000х4.5) + (800x2,5) — (60001) = 0 


= T= 4416.666667 Ib. (tension) 
ҮЕ, -0(ftve) +Ray — 6000 + 800— 5000 +T=0 


= R „y = 6000 – 800 + 5000 — Т = 6000 — 800 + 5000 — 4416.666667 = 
+5783.333333 Ib. (1) 


Solution (7): Free-body diagram of pulley & link 
5000 Ib 800% 60001 
A 


Ray 


T 
E 15 2 Ls г 


В 
A > RAx 


From the free-body diagram of pulley 
EF, -0(— ve) Кох лд 


EMg -0 (clockwise Tveyhc(Tx1) -(Wx1) 40, > T-W 


=> \=4416.666667 Ib. (1) 


Еро (нче Ro, W- T= 0; ә Roy = W + T = 8832333333 Ib. 
M 


Problem (8): Three weights (400 lb, 200 lb, & W) are suspended in the same 
plane. What should be the value of W if У Мо = 0? What will be the reaction at 
0? 

Answer (8): W = 400 Ib (1) Rox = 0 lb; Roy = 1000 Ib (1). 


Problem (9): Three weights, A = 5 Ib, В = 10 Ib, and C = 15 Ib, are attached to 
the rims of a uniform wheel at a 2 feet radius and spaced 120° apart. If the 
wheel is free to rotate about its axis, what angle 0 will the radius point A make 
with the vertical when the wheel at rest (stable position)? 

Answer (9): 0 = 30° 
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200 lb e 
Problem (8) @ w=? 


400 Ib 


Problem (9) eC 


Problem (10): In the system of shaves, what force F will hold a weight of 800 
pound in equilibrium? What will be the tension in cables A, B, C & D? There 
are no frictional losses at the axes. 

Answer (10): Е = 100 Ib., T4 = 200 lb., Тв = 100 Ib., Тс = 200 Ib. & Tp = 400 
ib. 
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Problem (10) 800 Ib 


Problem (11): In the system of shaves, what force F will hold a weight of 800 

pound in equilibrium? What will be the tension in cables A, B & C? There are 
“по frictional losses at the axes. 

Answer (11): Е = 200 1b., T = 400 Ib., Тв = 400 Ib. & Tc = 200 Ib. 


Problem (11) Ҹ 80016 


Problem (12): What force P is needed to hold the 1000 pound weight in 
equilibrium? Assume ropes are parallel. 
Answer (12): Р = 333.333 pound, 
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Problem (12) 


1000 Ib 


Problem (13): An ore саг В which weighs 20 tons is balanced by a weight A. 
What should be the weight A if there is no friction at any point? Find also the 
plane reaction & tension in the chord. 


Answer (13): WAT 21.4263 tons; К = 15.321 tons; Т = 12.855 tons. 


B 


409 Problem (13) 


Problem (14): The beam AB is loaded as shown in figure. Equilibrium is 
maintained by the weight W = 4000 Ib. suspended from a pulley, What should 
be the diameter of the pulley? Find also the pin reaction at A and force in bar 
BC. 
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Answer (14); Diameter of pulley (D) = 12 feet, Rax = 0 Ib., Ray = 500 Ib. (1) 
and force in bar BC = 12000 Ib (compression). 


3500 Ib 400016 5000 Ib 


4 6 2 4 


4000 Ib Problem (14) 


Problem (15): Compute the supporting force at pin С and cable tension AB. The 
block has a mass of 100 kg having the centre of gravity as shown. 
Answer (15): Ry, 7 87.50 kg (>); R= 30 kg (D; Т, = 112.054 kg 


Problem (15) 


3m 7m 


Problem (16): Draw free body diagrams of the beam AB and pulley C. Given, 
mass of the pulley 20 N and mass of the beam 2 N/m. Determine reactions at 
external supports A & B and internal support C. 
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Answer (16): R дут ON; Raye 249.60 N (1); Ray = 797.60 N (Di Roy = 


500 N; Roy = 520N. 


Radius of pulley = 1 т 


Problem (16) 


Problem (17): Determine the extemal support reactions at С, О, Е & Е and 
internal support reactions at A & В. 

Answer (17): Rey = 8P/15 (1); Roy = 2P/9 (1); Rey = 9P/25 (1); Rey = 6P/25 
(f Ray = 4P/10; Ray = 6P/10. 


Problem (18): A bar of weight 100 Ib is hinged to a vertical wall at A and 
supported by a cable. Determine cable force & components of pin reactions at A 
and C. 

Answer (18): Force in cable = 120.3479846 Ib. (tension); Rax = 9397598742 
16. (>); Ray = 24.81921006 Ib. (t); Rex = 93.97598742 Ib. (<) & Ray = 
75.18078994 Ib. (1) 
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Problem (18) 


Problem (19): Determine the forces on the hex-head bolt at A and B when a 
vertical force of 25 Ib is applied at end of the wrench, where the centerline is 
horizontal. 

Answer (19): Ra = 425 Ib. (|) & Rg = 400 Ib. (1) 
25 |b. 


1 inch 16 inch 


Problem (19) 


Problem (20): Determine support reactions at A & B. 
Answer (20): Ray = 131.546209 N (1), Rex = 171.0100717 N (<), Rey = 
338,3001014 N (1) 


Problem (20) 10m 


13m 
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Problem (21): A set of scales is faulty because the arms, instead of being the 
same length, are different. One is 11.7 inch and the other is 12 inch. A bag of 
potatoes hung on the longer arm is balanced by a weight of 14 Ibs, on the other 
arm, What is its real weight? 

Answer (21): 13.65 Ib. 


ю--0127 ш--эн-- И ы 


А 


Potatoes 
14 Ib. weight 


Problem (21); Diagram illustrating faulty scales 


Problem (22): To remove the wheels of a cart a lever "jack" is used. It consists 
of a strong wooden rod AB pivoted by a thin, strong metal pin C in в wooden 
stand S. The end A is placed below the cart axle and a force P is applied 
downwards at B to lift the cart bodily and enable a helper to place a support 
under the axle in order to keep it clear of the ground. If the jack rod is 5 ft. long, 
with the smaller arm AC 8 inch long, what force Р must we exert at B to lift the 
cart, whose weight is 672 1b.? 

Answer (22): P= 103.3846154 Ib. (1) 


W = 672 lb. 
M 


Problem (22): Use of jack to remove wheels of a cart 


Problem (23): What force P is needed to maintain equilibrium of bar ABC? 


Also determine the pin reaction at B. 
Answer (23); P = 6.666666667 Ib; Rex = 1.666666667 Ib. (>); Ray = 


14.43375673 10. (1) 
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А 4f 6! 


В 
$ 
dy СА к, 
101b. Problem (23) P= 


Problem (24): If there is no friction at the pulley, what farce P is needed to keep 
the bar 60° align with horizontal (bar AB weighs 100 lb.) 
Answer (24): Р = 28.8675 1646 Ib. (1) 


P=? 


CE) No friction 


Problem (25): A painter working on a wall is sitting on a plank 10 ft. long, 
suspended from ropes 6 inches from each end. He is seated 4.5 ft. from one end 
and his weight is 164 15. Neglecting the weight of the plank, what are the 
tensions in the two ropes? 


Answer (25): ng Ibs. & lbs. 


Problem (26): Determine the force in the lower support (a) for F acting at A & 
(b) for F acting at B. 


Answer (26): (2) E Ib. (ә) & 100 Ib. (1); (b) * 1b. (>) & 100 Ib. (1) 
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Problem (26) 


Problem (37): Determine tension in the cable BD & vertical reaction at E. 


Answer (37): Тво = 200 kip & Rey = 600 kip (1) 


7 E 0 F 
рк— ыы 


r Problem (37) 


Problem (38): Determine internal support reaction at roller C. 
Answer (38): 12.60 kip. 


7kip 
K— 4 эк 4 -э 4 — 4 — 
p ; 
$ эр 
| B 


| Problem (38) 


— 10 
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Problem (39): What force P is needed to hold the 60 Ib. weight in equilibrium? 
Assume ropes are parallel. 
Answer (39): Р=201. vy 


Problem (39) 


60 Ib. 


Problem (40): What force Р is needed to hold the 60 Ib. weight in equilibrium? 
Assume ropes are parallel. 
Answer (40): Р = 20 Ib. 


Problem (40) 
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Problem (41): What weight В needed to maintain equilibrium 
Answer (41): 75 kg. 


Problem (41) 


300 is (4) 


Problem (42): Express W аз а function of P. 
Answer (42): W = 3P/104 


D Problem (42) a> + 
pa 
| el w 
H | 
у лз" л и ^ 


Problem (43): Locate the position of weight W to keep the bar AB in a 
horizontal position. Determine tension in the two ropes. 
Answer (43): x = L/S & у = 41/5; Ta = 4W/S & Тв = WIS. 
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Problem (43) 


ю-- и — 


Problem (44): The glass rod AB of weight 8 gm. is placed in a glass beaker in a 
position of equilibrium. Considering ай the surfaces to be smooth, determine the 
length of the glass rod and reactions at contact points A and C. 
8 20 
Answer (44): AB = 69.2820323 inch. Ra = = gm. & Rc = m. 
(44) 4-2 8 < 5 8 


<— 5 inch diameter 
glass beaker 


Problem (45): A load of 2000 Ib. needs to be raised by: a Нк Ша 200 Ib. 
man rests his full weight, how long must dimension L be to accomplish this 
job? Assume all surfaces smooth. 
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2000 Ib. 


2000 Ib. 


Solution (45): Free-boy of the crowbar 
Solution (45): EM = 0 (clockwise +ve); + 200 х L соз1$° - 2000 x 2 


cos30°= 0 
=> L = 17.93150944 inch. 
Answer (45): 17.93150944 inch. 


Problem (46): Two weights, A = 30 Ib, and В = 15 1b., are attached to a bell 
crank whose weight is neglected. Determine the angle @ for equilibrium. 
Answer (46): 36.86989765". 


B=15 Ib. 


Problem (46) 


A-30]b. др 


Р 


Problem (47): The atrangement may be balanced on roller A. Calculate the 
distance x for balance. Neglect the weights of the pulleys & rope, 
Answer (47): x = 11.4137931 feet. 
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100 Ib. Problem (47) 


Problem (48): A load of 500 Ib. is suspended by a chord from a stationary disk. 
Replace the load on the disk by a force through the axis and a couple. 
Answer (48): 500 Ib. (1) & 750 ft-Ib. (anti-clockwise). 


sna Problem (48) 


[5] 500 Ib. 


Problem (49): Four soldiers, A, B, C & D stand 3 feet apart and on a 16 feet 
long uniform timber that weighs 500 Ib. The soldiers weigh 150 lb., 175 lb., 200 
1b., & 250 Ib., respectively, A stands at one end of the timber. Find the location 
at which a fulcrum might be placed to balance the timber. 

Answer (49): 6.254901961 feet from soldier A. 


Problem (50): The resultant of two parallel forces which act in the same sense is 
900 Ib, The line perpendicular to the two force vectors is 9 feet between the 
force vectors and divided into parts in the ratio of 5 to 4 by the resultant vector. 
Compute the magnitude of the two parallel forces. 

Answer (50): 500 Ib. & 400 Ib. 


Problem (51): The resultant of two parallel forces, whose vectors are 10 feet 
apart and act opposite senses, is 700 Ib. If the resultant acts 3 feet from one of 
the forces, what are the forces? 
Answer (51): 910 Ib. & 21016 
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UMS 


Tt has been established since long, that every particle of a body is 
attracted by the earth towards its centre. The force, with which a particle is 
attracted by the earth, is proportional to the mass of the particle and acts 
vertically downwards 

Wom 
W-mg 
Where, W = weight of the body 
m = mass of the body 
g = acceleration due to gravity (9.81 m/sec’ or 32.2 ft/sec?) 


As the distance between the different particles of a body and the center of the 
earth is the same", therefore these forces are taken to act along parallel lines. 
The point, through which the resultant of such parallel forces acts, is known as 
the center of gravity (briefly written as C.G.). It may be noted that every body 
has one, and only one, centre of gravity, irrespective of its position/orientation. 


*Strictly speaking, this distance is not the same. But it is taken to be the same, because of 
very small size of the body as compared to that of the earth. 


Centre of Gravity of a Plate: Consider a plate of uniform thickness ‘t’ as 
shown in figure 1. Let it be divided into a number of elements, Let W be the 


total weight and Wj the weight of i th element of the plate located at the point 
(xi, уд in the XY plane. Let (х,у) be the coordinates of center of gravity of 


plate. Then, total weight, W = УМ. 


Figure 1 


Equating the moment of total weight W about X-axis to the moment of its 
component weights, we get 
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Му= Мур +7) + ЦЭР Tes 


СҮМ wW 


Similarly, considering moment about Y-axis, we get 


WxcWu * 22 + Wax; Tes 

= Мх; 

xWx PARA 
w 


Experimental Determination of Centre of Gravity: See page no 111 of 
Introduction to Structural Mechanics (for building & architectural students) — 
Trefor J. Reynolds & Lewis В. Kent, The English Universities Press Ltd., St. 
Paul's House Warwick Lane, London ЕСА, 


Centroid: Let ү be the unit weight of the material of plate, and t its uniform 
thickness. Let ^i be the area of i th plate. 


№; ТАИ 
W-EW =ИХА, 
=ytA 


Where, A = EA js the total area of the plate 
- УМУ; YEA ХАр, 
у 1.0 


i'i 
WwW ПА А 

ШЫ РА „ХА 
Ww ИА А 


If the thickness of plate tends to zero, it reduces to an area, Hence, we can say 
the above two equations gives the location of center of gravity of a sectional 
area of a member. Thus, the center of gravity of a sectional area may be located 
from any axis by dividing moment of area about the axis by the total area. For 
the areas, the term centre of gravity is a misnomer. It should be called аз 
centroid of the area. 
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It may be noted that since distance of centriod of an area from any axis is given 
by moment of area about the axis by the total area, the moment of area about the 
centroid axis is zero. 


Y 
Y Y 
9 ша, 
| у 
M 
ol »Х gl FA 


Figure 2: Definition of centroid of an area 
Moment of area about X axis, М, =f y dA = yA 


Moment of area about Y axis, М, = [xdA-xA 


Co-ordinate of centroid = (s, y) 
Јад ad ; [12^ 
A А 


The concept of centroid may be extended to curved surfaces, lines and volumes 
in the following manner. 
(a) Curved surface 


Difference between Centre of Gravity and Centroid: The differences 


between center of gravity and centroid may be noted. 
(1) The term cente of gravity refers to the bodies with mass and weight, 


while centroid refers to the plane areas. 
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(2) Centre of gravity of a body is a point through which resultant of total 
weight acts for any orientation of the body and centroid refers to the point 
in the plane area that moment of area about any axis through thal point is 


zero. 
X=X-X axis 
Ү = Ү-Ү axis 
Х-Хахіѕ 
Y - Y - Y axis 


X-X axis & Y-Y axis are references axes 

X -X axis & Y — Y axis are centroidal axes 

х = distance from Y axis (or distance along X axis) 

distance from X axis (or distance along Y axis) 

X= distance of centriod from Y axis (abscissa of centroid from reference axis) 
y^ distance of centriod from X axis (ordinate of centroid from reference axis) 


Axis of references: The center of gravity (C.G.) of a body is always calculated 
with reference to some assumed axis of reference (or sometimes with reference 
to some point of reference), there is no set rule for the selection of axis of 
reference. But the general practice is to take the axis of reference as the lowest 
line of the figure for calculating y and the left line of the figure for 
calculatingx. The location of the centroid in an area is independent of the 
reference axis employed. 


Axis of symmetry: Sometimes the given section, whose C.G. is required to be 
found out, is symmetrical about X-X axis or Ү-Ү axis. In such cases, the 
procedure for calculating the C.G. is very much simplified, as we have only to 
calculate either X ory. This is due to the reason that C.G. of the body will lie on 


the axis of symmetry. 


If a plane figure has a line (or lines) of symmetry’, its centroid lies on that lines 


(or lines). 
A plane of symmetry of a solid body contains the centroid. 


‘iif plane area has an axis of symmetry, the centoid wil lie on that axis of symmetry. This is so 
because the first moment about an axis of symmetry is zero (see figure 3(a)). 

Ifa plane area has мо axes of symmetry, the cenlroid of such an area will be at the intersection of the 
wo axes of symmetry. Thus, the centroid of such en area can be located by inspection. Here, first 
moment of area about both axes wil be zero (see figure 3(bj)] 
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axis of symmetry 


| 

i 
1 | 
! 1 
i ! 
! i 
i ! 
i : 


Figure 3(a): Area with one axis of symmetry 


axis of symmetry axis of symmetry 
1 i 
1 ! 
! Ё i Ё 
(114 |. 
2 t Lm eas hc eae 
ч Н ба 
! 8 ! о 
i E i 4 
i 8 i 8 
H | 


Figure 3(b): Area with two axes of symmetry 


Centroid of Area Symmetrical about a Point: Figure 4 shows the special case 
of an area which is symmetric about a point. Such a point is called centre of 
symmetry and is so located that every line in the area drawn through that point 
is symmetric about that point. The centroid of such an area will lie at that point, 
which can be located by inspection. 


Figure 4: Area symmetric about a point. 
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Uses of Axis of Symmetry in Locating Centriod: 


Axis of symmetry Co-ordinate of centroid (3, ) 
If X (= X - X axis)is axis of symmetry y-09x-? 
If Y (= Y - Y axis)is axis of symmetry x-20,$-7 


If X(- X - X axis)and 
Y (2 Y - Y axis)are both axes of symmetry 


If a plane area has an axis of symmetry, the centroid will lie on that axis of 
symmetry, This is so because the first moment about an axis of symmetry is 
zero. In such a case, only one distance need be calculated. 


If a plane area has two axes of symmetry, the centroid of such an area will be lie 
at the intersection of the axes of symmetry. Thus, the centroid of such an area 
cap be located by inspection. Hence first moment of area about both the axes 
will be zero. 


Determination of Centroid of Simple Figures 

» Centriod of a Rectangle 

> Centriod of a Triangle: E from apex or B from base, where h is the height 
of the triangle. 


> Centriod of an Arc of a Circle: E from centre of arc along its axis of 


symmetry, where, г is the radius of arch; 28 is the total angle subtended at 
centre 16. B is the half of the total angle subtended at center; В is in radian. 


+ р 21811) 2 ры 
> Centriod of a Sector of a Circle: ша from centre of circle along its axis 


of symmetry, where, г is the radius of circle; 2B is the total angle subtended at 
centre i.e. В is the half of the total angle subtended at center; В is in radian. 
> Centriod of a Parabolic Spandrel: 


> Centriod of a Right Circular Cone: E from apex or 2 from base, where һ 
is the height of the cone. 


> Centriod of a Hemi-Sphere: i from base or х from crest, where r is the 


radius of sphere. 
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Figure $(b): Centroid of a triangle 


Y 


Figure 5(c): Centroid of a semi-circular area 
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EX 


Figure 5(f): Centroid of a quarter-circular arch 
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Figure 5(g): Centroid of a right circular cone 


|< r: —ј 


Figure 5(h): Centriod of a hemi-sphere 


Two methods are available in computing centroid: 


(1) Method of Integration 


(2) Composite section / Method of summation 


UM 


Differential element 


Centroid required for 


Integration method 


Summation method 


1-D figure (line). 


Differential line (dL) 


Differentia] line (AL) 


2-D figure (area) 


Differential area (dA) 


Differential area (AA) 


3-D figure (volume) 


Differential volume (dV) 


Differential volume (AV) 


id by Integration: 
(a) Curved surface 
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Centroid of Composite Section: Method of locating centroid from first 
principle (method of integration) is convenient only in case of simple figures 
where a general element can be taken and integration is carried out to cover the 
entire area, But in practice, we need centraid of composite sections which are 
built up with many silmple figures. For locating centroid of such sections, 
following steps may be followed: 

(1) Divide the composite section into a number of simple figures like 
rectangles, triangles, circle (quarter circle, semi-circle, full circle). 

(2) Locate the centroid of each simple figure. 

(3) Find the total area of composite section by adding areas of simple 
figures. 

(4) Assume area of simple figure is concentrated at its centroid, find the 
moment of area of each simple figure about the axis considered, Sum up 
moment of ateas of simple figures to get moment of area of the 
composite figure. 

(5) Then the distance of the centroid of the composite figure is obtained by 
diving moment of area of the composite section by total area of the 
composite section. 


> Composite area 
Ак Духу Азу tA х A Xg te 


x 2 33 

УА A, tA, +A, +А +... 
- XAy Aly, +А у, FAST Ашу, лын 
y- = 

ХА Ay tA, +A, +A, ton 


> Composite line 
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E *Lbx, +1503 ШЕШ *es 
Li +1, +L, шил Жэн 

ә 
151542: 3 dorm 


> Composite volume 


M tV) V RV. tes 


__ Жуу Мур t Vaya ЛУУ tag tem 


EV цалалалаг 


> Composite mass 
Xmx Х| mx, + 3х3 max, + 


Xm m, +m, +m, +My +... 


my) tMyy, + ту; + ту, tes 


сх 
y.Em. 


Em my +m, +m, л bon 


> Composite mass 
с Ум _ эх + Wx, + Wx, дол + 


XW | ил 
- EWy M + Woy, + Wy. +W Yi +... 
EW WEW, + + Wy +... 


Theorem of Pappus and Guldinus: The theorems of Pappus — Guldinus were 
first set forth by Pappus about 300 A. D. and then later restated by the Swiss 
mathematician Paul Habakuk Guldin about 1640. These theorems are concemed 
with surfaces of revolution as they relate to the generating curve and volumes of 
revolution as they relate to the generating area. 

[Papus -lived at the end of the third century in Alexandria] 

[Guldin - born in 1577 at Saint Gall, Switzerland & died in 1643 al Graz, Austria] 


Theorem 1: If a surface of revolution is generated by a plane curve revolving 
about any non-intersecting axis in its plane, the area of the generated surface is 
equal to the length of the curve times the distance traveled by the centroid of the 
curve while the surface is being generated. 

ФА -8ydL 
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[ад = јөу 
A-fdA-[ayaL-8] yd. 
A, =9yL (for revolution about X axis) 
A, = х1, (for revolution about Y axis) 


Theorem II: If a volume of revolution is generated by a plane area revolving 
about any non-intersecting axis in the plane of the area, the generated volume is 
equal to the magnitude of the area times the distance traveled by the centroid of 
the area while the volume is being generated. 


dV -0ydA 
fav-[eydA 
v-jav - floyd cof y dA 
V, =0 yA (for revolution about X axis) 
V, - 0x A (for revolution about Y axis) 


Stability: A body is said to be stable when, after a slight displacement it returns 
to its original position. Thus, if the cone (figure 6(2)), be tilted slightly about the 
point O, and then left to itself, it at once returns to its original position. If, 
however, the cone is first carefully balanced about the vertex P, as in figure 6(b) 
and then slightly displaced, it will tumble down. This is an example of 
instability. In both cases the body was initially in equilibrium. We speak of the 
first as a case of stable equilibrium, and of the second equilibrium. The 
condition for stable equilibrium is that the C.G. shall be in the lowest possible 
position, so that the effect of a slight displacement is to the raise the C.G. as 
shown in the figure, For unstable equilibrium, however, the C.G. must be in the 
highest possible position, so that a slight displacement lowers the C.G. 


(a) Stable equilibrium ofa Cone (Б) Unstable equilibrium of a Cone 
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Jugglers and acrobats depend entirely upon their skill in balancing both 
themselves and various “props” in a condition of unstable equilibrium in order 
to gain the applause of their audiences. 


In designing machinery the conditions for stability are very important. In a 
tramcar, for example, the weight is concentrated as near the ground as possible 
so that accidental “jumping” ог “swaying” need not result in the overturning of 
the car, as would, of course, otherwise happen. 


ibrium (e) neutra! equilibrium 


Finally, it is possible to have a body in a position such that a slight displacement 
will cause it neither to topple nor to return to its original position; it merely 
stays in its new position. A Cylinder on its curved surface or a ball resting on 
the ground is an example of this. We speak of this as neutral equilibrium. The 
condition is that the C.G. shall remain at a constant distance above the ground 
when the body is displaced. 


Problems 


Problem (1): Determine the location of centroid of tine. 
Answer (1): x = 8.709020963" (from left); y = 2.886265878" (from bottom) 


E 
k 10" k- 5 — Problem (1) 
Solution (1): Ly = 2 zo is dio 5 пену cei 8 Га 
2 1 1 8 
Ssm(/2) 106 
(12) 
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„= 465)? +65)? = 542 inch; x, = (10 + 5/2) inch = 12.5 inch; y, = 5/2 


inch = 2,5 inch. 
ЦЭ =5 inch; x= 15 inch; уул 5/2 inch = 2.5 inch. 


Solution (1) 


| 107 | 5" > 
хїх Ар Хо thats _ (Sax (5) +(Sv2)%(125)+ (5x15) _ 
XL L +L, +L, (5454245) 


8.709020963" (from left). 

Ely уроо thas _ (Sa)x(10/a)+ (542) (25) € (5)x (2.5) 
XL шатын (514542 +5) 

= 2.886265878" (from bottom) 


x= 


у= 


Problem (2): Determine the area generated by revolving the semi-circular arc 
through 270" about X-axis. 
Answer (2): 239.622880 squere feet. 


Y 
7 | 4 Эф y 
1.5' Problem (2) 
ol у >х 


Problem (3); Determine the volume of torus generated by revolving the circular 
area through 360° about X-axis and Y-axis. 
Answer (3): 118.4352528 inch? & 138.1744616 inc 
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st Problem (3) 


о Px 


2 2 
Solution (3): А = 29° = аг. =ninch? 


X = (G+ 2/2)=7 inch; у =(5 + 2/2) = 6 inch; @ = 360° — 2л radian 
V, «y A (for revolution about X axis) = 2л х 6 x w= 118.4352528 inch? 
V, «8x A (for revolution about Y axis) = 2z x 7 х m= 138.1744616 inch? 


Problem (4): Determine the location of c.g. for the composite volume. 
Answer (4): 4.336538462 inch (from right) or 4.663461538 inch (from left) 


козш Problem (4) 
| = 
y 1 
у 
Cylinder 


Hemi-sphere к 8" --- 


Problem (5): Determine the location of c.g. for the frustum. 
Answer (5): 207.6923077 mm (from base) 
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Problem (5) 
K&—— 150mm ——> 
Problem (6): A cylindrical hole is made within a frustum. Locate center of 
gravity. 

Answer (6): 310.3448276 mm (from base) 


50 mm 


<> 


Problem (6) 


| | 90 mm | 
К---т200002 


150 mm 
Problem (7): А Cylindrica! hole is made within a right circular cone. Locate the 


center of gravity of the cone with the hole. 
Answer (7): 22.02212389 inch (from apex) ог 7.97787611 inch (from base) 
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Problem (7) Je © > 


" | 


Problem (8): A hemisphere is attached to a right circular cone. Determine the 
location of centroid. 
Answer (8): 2.525 ft (from left) or 6.475 ft (from right) 


Problem (8) 


Cone 
Hemi-sphere [¢—————_ 8" 2-1 


Problem (9) — (21): Determine Centroid of composite figures. 

Answer (9): 3.855086399 inch (from base) & 7 inch (from right) 

Answer (10): 7 inch (from left) & 4.2222222 inch (from base) 

Answer (11): 14427496 inch (from left) & 6.04962241 inch (top) 

Answer (12): 3.183483328 inch (from left) & 3.612372452 inch (from bottom) 
Answer (13): 4.928945604 inch (from left) & 2800939517 inch (from bottom) 
Answer (14): 9320783804 inch (from left) & 3.343451468 inch (from bottom) 
Answer (15): 6 inch (from left) & 3.906604383 inch (from bottom) 

Answer (16): 3.75 inch (from left) & 3.50 inch (from bottom) 

Answer (17): 6.172850063 inch (from left) & 6 inch (from bottom) 

Answer (18): 2.323852896 inch (from left) & 5 inch (from bottom) 

Answer (19): 3.19971883 inch (from left) & 4 inch (from bottom) 

Answer (20); 4.66500884 inch (from left) 

Answer (21): 5.881091668 inch (from left) & 4.343869032 inch (from bottom) 
Answer (22): 10 inch (from left) & 9.350387019 inch (from bottom) 
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Problem (9) 


2 
T 10" 
Problem (10) 8" 
y y 


Problem (11) 


kx 


Problem (12) 
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яж Эс 57 Problem (13) 


1 
| 


Problem (14) 
6! 
Problem (15) 
7" diameter 
3" diameter 
4" diameter 
Problem (16) 
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4" diameter 
12" diameter 


Problem (17) 


10" diameter 


Problem (18) 


Problem (19) 


Problem (20) 
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Problem (22) 


E 


Problem (23) — (30): Determine centriod of the shaded area. The linear unit is 
inch. 

Answer (23): x = 0.9 inch & y = 225 inch 

Answer (24): X = 2.345 inch & у = 3.108 inch 

Answer (25): x = 2.546479089 inch & y = 203718372 inch 


Rect 
Answer (26): l&Rys- 

nswer (26) x 287 : 
Answer (27); x =3 inch & у = 2.371708245 inch 
Answer (28): x = 5/6 inch & у = 3.75 inch 


Answer (29): x = 6.75 inch & y = 4.05 inch 
Answer (30): x = 4.20 inch & y =0 inch 
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Problem (24) 


xv 


EX 


Problem (26) 


o 


Engineering Mechanics (Statics)! Md. Ruhu Amin 


X 


-163- 


Problem (28) 


Problem (30) 
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Problem (31): Determine the volume generated by revolving the composite area 
through 360° about X-axis and Y-axis. 
Answer (31): 4712.38899 cft & 785.398 1634 cft. 


У 


Problem (31) 


ee 


Problem (32): Determine the surface area generated by revolving a straight line 
(parallel to X-axis) through 360° about X-axis. 
Answer (32): 2ath 


Y Problem (32) 
< — h — 3] 


A mE 


r 


X E 


[o 


Problem (33): Determine the volume generated by revolving a rectangular area 
through 360° about X-axis. 


Answer (33): mh i 
Ү Problem (33) 


—— ЭЛ 
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Problem (34): Determine the surface area generated by revolving an inclined 
straight line through 360° about X-axis. 


Answer (34): avr? +h? 


Y Problem (34) 


> 


y=mx ^ 
| 


ol X 


Problem (35): Determine the volume generated by revolving a triangular area 
through 360° about X-axis. 


Answer (35): imb 


Y Problem (35) 


— i — 


Problem (36): Determine the surface area generated by revolving a semi- 
circular arch through 360° about X-axis. 


Answer (36): Ал 


Problem (36) 


e — 2r 


->| 
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Problem (37); Determine the volume generated by revolving a semi-circular 
area through 360° about X-axis. 


Answer (37): ie 


{ Problem (37) 


Y 


Problem (38): Prove that the centroid of a right circular cone is at a distance of 
ЗБ from its apex where h is the height of the cone. 

Problem (39): Prove that the centroid of a hemi-sphere is at a distance of 354 
from its base where r is the radius of the sphere. 


Problem (40): Prove that the centroid of a semi-paraboloid is at a distance of 
tom its apex where a is the height of the paraboloid. 


Problem (41): Prove that the centroid of a semi-ellipsoid is at a distance of 386 
from its base where a is half of the distance of major axis. 


Problem (42): A section of reinforced concrete beam as shown in figure 
contains two layer of reinforcing bars (top layer 2 — 0.75" & bottom layer 3 - 
0.875"). Where is the centroid of the rods? 
Answer (42): 3.48525184 inch from bottom. 


30" 


= P | 0257 Problem (42) 


I< 127 ? 
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Solution (42): Top layer bars 2 — 0,75°ф [ф indicates diameter of bar] (area of 
nd? _ 10.75% 
4 


2 
5.5 inch from bottom) & bottom layer bars 3 - 0.875” (area of each bar = =. 


2 
= Ою = 49л/256 inch? & centroid located 2.5 inch from bottom) 


5 Улу Atop bars’ top bars + “bottom bars” botom bars 


ХА А vpbars * ^ topbars 


» 2* 9264) x (5.5) +3" (492/256) x 2.5) _ = 49595184 inch from bottom. 
2* (92164) + 3* (4971256) у 


Problem (43): A gusset plate of a truss joints contains six rivets. Locate the 
centriod. Each rivet having a diameter of 1 inch. 

Answer (43): 8 inch {ftom left rivet) & 3.33333333 inch (from bottom row of 
rivets) 


| 
Ф i Q 


утэ уэ} рээ! Problem (43) 


© 
| 


Problem (44): Determine the location of centroid for the shaded area. 
үй 


Problem (44) 


об —— х 
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62 EN 


Solution (43): Quarter circle – Area (1), A, = = 9л inch; x 
1774 1 34 m 
PEEL ас 
ЭК x 
2 
Semi circle ~ Area (2), A9 =4.5n по х, -10.1 inch; y,=3 
inch. 
pr 
xe 22... 7  — Æ 38197863 inch 
А-А On - 4.50 
1295 
8 
_ Ay -A y, 9лх2-45ах3 
yo 22. __@___ -2,92958179 inch 
ALTA, 9x — 4.52. 


Answer (44); x = 3.819718634 inch & у = 2.092958179 inch 


Problem (45): A section of a 200-ft smokestack is shown in figure. Consider as 
a solid of revolution, what volume of concrete does the stack require? 
Answer (45): 36023.59576 cubic feet. 


Vertical section 


Top view 
Problem (45) 


Problem (46): Considering as a volume of revolution, determine the volume 
generated by revolving the area about horizontal axis. 


Answer (46): 171.0804856 m! 
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kel бт | кр» 


Problem (46) 


Problem (47): How much does it cost to paint the dumbbell at 1.5 tk. per square 
inch. 
Answer (47): 1166.316273 tk. 


ИФ Problem (47) 


МР ч | 
te og" >< 10 aie 8 => 


Problem (48): Determine the volume of revolution of the shaded area about 
horizontal axis. 
Answer (48): 291.3827186 inch? 


э к 7 эч = 
kA 10 ---» 2.5” 


A Problem (48) 


Problem (49); Determine the surface area & volume of revolution. 


Answer (49); А = 4я(а+ D ct 4) үе ае 2) 


To 


Problem (49) 
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Problem (50): Determine the volume of cement that can be stored in the silo. 


Answer (50): 156.9632774 ch. 
к— 4 — 


Ы 


Problem (50) 


Problem (51): Determine the volume of concrete needed to construct the 


chimney. 
Answer (51): 2565.634 eft. 


Vertical section 


Engineering Mechanics (Statics) Md. Ruhut Amin 


Top view 


Problem (51) 


ane 


Problem (52): For the conical water glass, determine the center of gravity. (Y gs 


= Loz/inch! & уни = 0.578 oz inch?) 
Answer (53): 


Problem (52) 


Problem (53): What will be the radius of half-circle so that the centroid of the 
composite body will be 2.02341623 inch from bottom? 


Problem (53) 


2! 


pe 
К г =H 


2 
Solution (53): Semi-circle — Area (1), Ay = ХӘ inch? » = inch (from 
л 


bottom). 
Rectangle — Area (2), А, =8 inch’; ху= 1 inch (from bottom). 


у= 2.02341623 inch (from bottom). 


2У2 
АЗА; 


Ар, -А.у 


2.02341623 inch 


=> r=4 inch. 
Answer (53): 4 inch, 


Problem (54): Determine centroid of the shaded area. 


Answer (54); x =7.924058336 inch & у = 1,579522817 inch. 
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Problem (54) 


Problem (55): Determine centroid of the shaded агеа bounded by three lines x = 
l,y=4& y= 2x + 2. Use method of integration. 


Answer (55): x = 5/3 inch & у = 8/3 inch. 


Problem (55) 


Problem (56): Determine centroid of the shaded area. 
Answer (56): x = 7.769230769 inch & у = 4.615384615 inch. 


Problem (56) 
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Problem (57): Determine centroid of the shaded area bounded by lines y = 2, y 
=3 & cuve y= x. 
Answer (57): x = 0 inch & у =2.516745425 inch. 


У, 


Problem (58): Determine centroid of the shaded area, 
Answer (58): x = 3.961733897 inch & у = 5.560606734 inch. 


6. 57 
Problem (58) 


2! 


ОЕ е — —3 EX 


Problem (59): Determine centroid of the shaded area. 
Answer (59): x = 7.331837867 inch (from centerline of sphere) & y = 
6488783418 inch (from bottom). 


R—— кб 


x | x 
2 | 4 
| | Ї 
7 gs! e 


Problem (59) 
= 10" —— 
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Problem (60): Determine centroid of the shaded area bounded by circle х2 + y^ 
= 1? and line у = x/V3. Use method of integration. 


MB. 


inch 


Answer (60); x = Š inch & y = 
т 


YUB 
Problem (60) 


>x 


Problem (61): Determine location of centroid for the second order parabola. 
Answer (61): 4.010869565 inch & y =- 0.62173913 inch 


у+А 


> Xt 


Problem (61) 
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Moment of lnentia of 608 


Moment of Inertia: Many engineering formulas, such as those relating to 
strength of beams, columns, and deflection of beams involve the use of a 


mathematical expression of the form[p^dA, where p is the perpendicular 


distance from differential area dA to the axis of inertia. This integral appears so 
frequently that it has been named moment of inertia*, Moment of inertia 
applied to areas has no real meaning when examined by itself; it is merely a 
mathematical expression usually denoted by the symbol I. However, when used 
in combination with other terms, as elastic beam formula, flexural shear stress 
formula, Euler’s column formula, torsional shear stress formula, it begins to 
have significance. 


* The term moment of inertia is derived as follows: force (F) is proportional to 
mass (m) (ie., inertia) of а body and its linear acceleration (a) by the equation 
(Newton's second law of motion) Е = ma. The equation relating applied forces to 


the angular acceleration (a) of rotating bodies is F.d = [ { pam. If the first 


equation is stated as force equal inertia times linear acceleration, then by analogy 
the second equation may be stated as moment of force equals moment of inertia 
(ie. moment of mass) times angular acceleration. By comparison of the above 


statements, the expression [ШЕ] is termed as moment of inertia of mass, 


Similarly, for areas, the expression Јр24А is known аз the moment of inertia of 
the area. 


mass х linear acceleration 
inertia х linear acceleration 
F=ma 


In translatory / linear motion, Fore 
Force 


In rotating / angular motion, Moment = mass moment of inertia x angular 


acceleration M= | Г phas] 


The mathematical definition of moment of inertia, 1 = fp^dA,, indicates that the 


area is divided into small parts such as dA, and each area is multiplied by the 
square of its moment arm about the reference axis. Thus as shown in figure 1, if 
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the co-ordinates of the centre of the differential area dA are (x, у), the moment 
of inertia about the X axis is the summation of the product of each area dA by 
the square of its moment arm y. this gives, 


ауд, 
Jk -[y^dA 


Similarly, the moment of inertia about the Y axis is given by 
2 
1 2[x*dA 
fel 


> х 
Figure 1: Definition of moment of inertia 


The moment of inertia (of area) is sometimes called the second moment of 
area because each differential area multiplied by its moment arm gives the 
moment of area; when multiplied by a second time by its moment arm, it gives 
to moment of inertia. The term second moment of area is preferable to the 
expression moment of inertia; the latter is confusing when applied to an area 
having no inertia. The term moment of inertia, however, is long established and 
is not likely to be superseded by the other. 


Examination of the integral f p?dA shows it to be a fourth dimensional term 
because it is composed of a distance squared multiplied by an area. So, unit of 


moment of inertia is(length)*. 


Moment of inertia must always be positive, 


Moment of Inertia of Masses: 1 = р “ат 


Moment of Inertia of Агеа:1= (р 8А 
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Centriod of area Moment of inertia of area 


First moment of area Second moment of area 
= | Х4А fxdA 
faa А 
уг [rd [yan 1, =[уовА)= [y dA& 
[А А 2 
2 І fx dA) -[x^dA 
x(A)=[xdA & y 
y(A)- [у4А 


Figure 2: Rectangular and polar moment of inertia 


Rectangular Moment of Inertia: Moment of inertia about an axis which lies in 
plane with the area is called rectangular moment of inertia, Consider the area A, 
in figure 2, lying in the XY plane. The differential element dA is at a distance y 
from the X axis & at a distance x from the Ү axis. 


Moment of inertia about the X axis, І, = | х28А 


Moment of inertia about the Ү axis, ly - fy2da 


These are rectangular moments of inertia. 

Polar Moment of Inertia: Moment of inertia about an axis which lies 
perpendicular to the plane of the area is called polar moment of inertia, The 
element dA, in figure 2, is at a distance г from the Z axis and since Z axis is 
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normal to the plane of the area, the polar moment of inertía about this particular 
axis 15 
2 
= dA 
7+1, «jr 


Relation between Polar & Rectangular Moment of Inertia: 


1-|:2аА 


2 х2 +y? 


П = т2л = f(x? +у?уа = f(y? + x?) 


= Јува + Pda 1. эл, 


i +l 
x y 


This expression is an important relation which is often useful. In words, it says 
that the polar moment of inertia of a plane area about a particular axis 
perpendicular to the plane of the area is equal to the sum of two rectangular 
moments of inertia about axes in the plane of the area, provided that all three 
axes are mutually perpendicular and intersect at a common point. Since there 
are an infinite number of axes about which moments may be taken, there are an 
infinite number of moments of inertia for a particular area. 


Radius of Gyration (k) (for Masses): Radius of gyration is that distance which 
when squared and multiplied with the total mass of the body gives the mass 
moment of inertia of the body. Thus, if I is the moment of inertia of a body of 
mass m about an axis, then its radius of gyration k about that axis is given by 
the relation: 


I=mk? or k= 
m 


A physical meaning may be assigned to this term. Radius of gyration is the 
distance at which the entire mass can be assumed to be concentrated such that 
the moment of the actual body and the concentrated mass is the same. 


Radius of Gyration (К) (for Areas): Radius of gyration 'К’ is a mathematical 
term defined by the relation 


Where, I is the moment of inertia of the given section and A is the area of the 
section, 
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Suffixes with moment of inertia term accompany with the radius of gyration 
also, Thus, we have 


k 2 „= 
(about the same axis about which 
moment of inertia is taken) 


к =] х 
x YA 
I 
к ay 
M A 


From the above the definition of radius of gyration, we can note down the 
following relation: 


1= AK? 


Looking at the above equation, we can assign a meaning to the term radius of 
gyrations. 


Radius of gyration of a given area an axis is the distance of the area at which, if 
it is squeezed and placed, there is no change in the moment of inertia (see figure 


3). 
2235 А = |84 


с-а: | 


y =k, = radius of gyration 


s AS AR 
| I [y As Ak.) 


Axis 


x X 


Figure 3(a): Definition of radius of gyration 


E 


A 7 jdA 


х=к,= 
radius of 
gyration 


Figure 3(b): Definition of radius of gyration 
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Theorem of Moment of Inertia: The following two theorems of moment of 
inertia are useful in handling many engineering problems: 
(1) Perpendicular Axis Theorem 
2) Parallel Axis Theorem 
(3) Rotation Axes Theorem 


Transfer Formula - Perpendicular Axis Theorem: Moment of inertia of a 
given area about an axis perpendicular to the plane (polar moment of inertia) 
through a point ‘O’ is equal to the sum of moment of inertia of that area about 
any two perpendicular axes through that point, the axes being in the plane of the 


area. 


+1 
Z x y 


Transfer Formula - Parallel Axis Theorem: Moment of inertia of an area 
about any axis in the plane of the area is equal to the sum of moment of inertia 
of that area about the centroidal parallel axis of the area and the product of area 
and the square distance of the centroid of the area from the axis. 


(0 Бош any axis = (about a parallelaxis at centroid + Ad? 

=>> 1=[+ Ad? 
Where, I = any axis about which moment of inertia is needed (ie. moment of 
inertia of an area with respect to any non-centroidal axis) 

1 = moment of inertia of the area about centoidal axis (parallel to the axis 

about which moment of inertia is needed) 

А = агеа 

d= perpendicular distence between centroidal axis and reference axis. 

Y 
Y 


ol 
Figure 4: Parallel axis theorem 
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Adding these two equation, 1, +1, =I +A)? Hye A (Ах)? 
OW SEC 2 
à, Ha eT) A (c Ду) 
Јај AQ)? 


Now, I= 1+ Ad? 
Ak? = AK? + А42 


2 
k=k+d 
Ax = (x centroid of one area of the composite body — x centroid of whole 
composite area) = (x, —Х), (ху =x), (x, —Х),. бт). 
Ay = (у centroid of one area of the composite body — y centroid of whole 
composite area) = КД У), (У У), (0; 73) ын Gi -». 


Transfer Formula - Rotation Axes Theorem: See article *Moment of Inertia 
about Inclined Axes”. 


Moment of Inertia from First principle (i.e. by integration): 


Figure 5(a): Rectangle 


X & Y = Bases of rectangle 
X & Y = Centroidal axes of rectangle 
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> Moment of Inertia of a Rectangle (about Centroida! Axis) 


[IMP agg де 


х 12 у 12 
> Moment of Inertia of a Rectangle (about its Base) 


3 3 
By Qu; BY 
3 3 


Figure 5(b): Triangle 


Х = Base of triangle 
X = Centroidal axis of triangle 
> Moment of Inertia of a Trinagle (about Centroidal Axis) 


DEP 
x 36 
> Moment of Inertia of a Triangle (about its Base) 
_ bth)? 
Y&Y А x 12 


хах 


Figure 5(c): Full circle 
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X & У = Diametral axes of full-circle 
X & Y =Centroidal axes of full-circle 
> Moment of Inertia of a Circle (about Diametral & Centroidal Axis) 


—_ ary! 
X 4 


Figure 5(d): Semi-civele 


X& Y = Diametral axes of semi-circle 
X & Y = Centroidal axes of semi-circle 
> Moment of Inertia of a Semi-Circle (about Diametral & Centroidal Axis) 


_ xt 

8 

2 2 
1 AA 


лса, 
x 8 2 Jm) — 
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Figure 5(е): Quatter-circle 


X & Y - Diametral axes of quarter-circle 


X & = Centroidal axes of quarter-circle 
> Moment of Inertia of a Quarter-Circle (about Diametral & Centroidal Axis) 


= (£4 
3x. 16 On 


4 


12) 


E = 0.05487848(1)* 


Moment of Inertia from Second Principle (i.e. by summation) / Moment of 
Inertia of Composite Section: Moment of inertia of composite sections about 
an axis can be determined by following the steps given below: 
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(1) Divide the composite section into a suitable manner of simple figures. 

(2) Locate the centroid of each simple figure. 

(3)Using standard expressions, determine the moment of inertia of each 
simple figure about its centroid. To each of these terms, add product of 
area and square of distance of its centroid from the exis under 
consideration (parallel axis theorem) to get moment of inertia of each 
simple figure about the axis under consideration. 

(4)Sum up moment of inertia of all simple figures about the axis under 
consideration to get the moment of inertia of the composite section. 


Product of Inertia: The product of inertia is a mathematical expression of the 
form [xy dA and is denoted by the symbol P... The product of inertia relates 


an area directly to а set of axes by the following formulation. 
P ул ОЧА 


The product of inertia is not used as much often as the moment of inertia but is 
needed in such problems as determining maximum and minimum moments of 
inertia, unsymmetrical bending of beams, and structural analysis of 
indeterminate frames. 


The unit of product of inertia is of the same form as that of the moment of 


inertia, namely (length). 


| 
AF (ave) | 
Eid | 
1 | 
=-ve в =+е 
ху 3 xy T 
8 
5 Pxy =0 
= 9 | Pxy = = 
K(-ve) < > 
CGI Сен ах 079 
Р =+уе Р = 
ху ху 
Y Y (-ve) 


Figure 6: Sign of product of inertia (Pyy) 
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Tn the expression P, =[худА, each elementary area dA is multiplied by the 


product of the co-ordinates of the area; hence product of inertia (ey Jay be 


positive, negative or zero. If the whole area lies in the first quadrant, the product 
of inertia will be positive since both x and y are positive for each elementary 
area. Similarly, if the entire area lies in the third quadrant, both x and y will be 
negative and hence product of inertia will be positive. However, if the entire 
area lies either in the second quadrant or in the fourth quadrant, product of 
inertia will be negative. 


If one axis is the axis of symmetry, the product of inertia of the area with 
respect to the pair of axes is zero. Thus, the product of inertia with respect to the 
centroidal axes is zero. 

Transfer Formula for Product of Inertia — Parallel Axes: See figure 4 


( ) = (e + A(Ax)(Ay) 
ХУ Jabout any ахїз \ ХУ /abouta parallelaxisat centroid 


Py =? уу * А0904) 


Where, uem = any set of axes about which product of inertia is needed 


um = product of ineitia about centroidal axes 


А = агеа 

Ax= distance between X-axis and X-axis = (х centroid of one area of 
the composite body — x centroid of whole composite area) = (x, — х), (х 28 х), 
«у-х), бу). 

Лу = distance between Y-axis and Y-axis = (y centroid of one area of 
the composite body — y centroid of whole composite area) = (y, ~ у), у g^ у), 


(4 7) e бүтэ. 


Moment of Inertia about Inelined Axes: In some cases, it is necessary to 
determine the moment of inertia with respect to axes which are inclined to the 
usual axes. The moment of inertia in such cases can be obtained by formal 
integration, but a general formula is easier to use. 


The problem may be stated as follows: Assuming the values of INE ly and 


Py? with respect to the X and Y axes to be known, determine the values of 
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I ,,I ,andP , ,, with respect to the X^ and Y^ axes inclined at angle 9 
ey x5 yl 


with the X and Y axes, as shown in figure 7. 


The coordinate for a typical differential area dA are given by x and y with 


respect to the X and Y axes, and Бу x/and y^ relative to the X^and Y^ axes. 
‘The relations between these coordinates can be obtained by projecting x and y 


the X^ and Y^ axes. This gives 


x! = хсоз + ysinü 
yl 


=~xsin@ + ycosð 

и аа Ic xsind + ycos0)^ dA 

M -f(x a = J (xcos0 + ysing)? dA 

Bins - jx! y/ da |(хоозё + уіп) — xsin& + усозб) аА 
и 


a 


ie = J(y?sin20 + 2xysintxys0 + x2cos?0)dA 


Јоу ?сов?@ – 2xysintxyst + x 2sin70)dA 


Р, = [02 sin@cos@ + xy cos? 0 - xysin? 0-х? sin cost)dA 
xy 


Tigure 7: Moment of inertia about inclined axes 
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zl с0520-Р 5020 +1 sin20 
х xy y 


І, =1 sin?0 P. 51020+1 соѕ20 
ix ху y 


y 
1 1 
Р, ,=Xsin20+P_cos2e-P яп20--Уя020 
х! у! ху ху 2 
If the relationscos” gs12, sin? 9 17005709 


cos? 9-52 0 - cos 28 


1, +1 

I X cos20 - P. sin20 
xl xy 
1 cos20 & P. sin20 

/ xy 
y 

1- 

Bo У sin20 & P. cos20 
ху ху 


Anticlockwise 0 is taken as positive & clockwise 0 is taken as negative in the 
above formulae. 


=I = = Pa seca 
LEL pth / I М Р I gi tl tit constant т, 
This shows that the sum of the moments of inertia with respect to any set of 
rectangular axes through the same point is a constant quantity and is equal to the 
polar moment of inertia about an axis passing through the same point. 


Maximum and Minimum Moment of Inertia & Principal Axes: In 
di 
x 


accordance with the calculus, the set equal to zero will yield the value of 


8 for which I ni a maximum or minimum. Differentiating the equation of 
x 


I Й with respect to Ө, equating the derivatives to zero, we have 


1 =1 cos20- P. sin20-.1 sin20 
x! x xy y 


343 зіп 20) - 25? с0820) + i sin20) - 0 


49 
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=> tan2@ = 


1 ‚ the angles defining the maximum & minimum 


=> #- апт 
2 


moment of inertia. 

We find two values of Ө differing by 90° (i.e., 0 and 90740), and thus, we have 
two axes defined. These axes are called principal axes for the origin in 
question. About one of these axes, the moment of inertia is a maximum; about 
the other, a minimum & the product moment of inertia is zero. 


When the above value of 6 is put in the expression of I / and I р these will 
* У 
give the maximum and minimum moment of inertia (1 


) 


maximum 


Ea 
minimum 


Alternatively, you can use the following expression 


(6) 


+E, =constant = І 
min 2 


шах 


55 ЦЭГ 
min A 


ITNAU 
| ИИ 
Problems 
Problem (1): Determine minimum radius of gyration about centroidal axis. 


Answer (1): k . = 0.671368028 inch 
min 
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le s^ sl LR Problem (2) 


Solution (2): Whole rectangle - (1); А = 127 x8 = 96 inch; 


ET 
Small rectangle - (2); А „= 5° x4^ - 20 inch’; x 2725 yy 


АХ-АХ)  96x6-20x2.5 


6921052632 inch 
96—20 
= 864-2052 L , 526315789 inch 
96—20 


Е [Tatt »]- ЇЕ +A, 0-977] 


3 
Е халаат? - [> + 20(4.5263 15789 — | 


I. = 384,2807018 inch ^ 
x 
доо cd 
а | tA -x) *)- [Ra +A 205 —х) ] 


„| +96(6.921052632- s Е мезан азу) 
у 
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=800.8596491 inch4 


P— =[96(6 — 6.691052632)(4 — 4.45263 15789] 
ху 


- [2002.5 — 6.691052632)(2- 4.526315789)] 


P— - (43491634348) — (211.758448) = -176.8421045 inch* 
xy 


2d Xy 1 ш ( 2х (-176.8421045) } 
ly -I 2 800.8596491 - 384.2807018 


9 =-20.16597549° (clockwise) 


1 51 cos20-P_sin20+I_ 8120 
Vn ху y 
-(384.2807018)»[cos(-20.165975495)]" (-176.8421045)«[sin(2x(- 
20.16597549")] + (80.859649 1)»[sin (-20.16597549°)) 2 


= 319,3346823 inch! = T... 
minimum 

I, =1 sin?0 P. 502041 cose 

E xy y 
-(884.1807018)-[sin(-20.16597549^)]7«(-176.8421045)«[sin(2x(- 
0.16597549") J+ (800.8596491)x[cos (-20.16597549')2 


= 865.805667 inch! =I 
maximum 


Check: I- +I- =I "mal (3 ОК 
Жо У У 


А-А, -А,=96 2076 inch? 
ИЧ 
а = [nia |. 21933480. 2,049822464 inch. 
Answer (2): К, = 2.049822464 inch 
min 


Note: Alternatively, you can use the following expression of 1 &1. 
тах mín 
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x: (sem Samen] 
2 


5 2 
2 | + (-176.842105) 


A [КЕТ —800.8596491 
= 592.5701755 + 273.2354932 = 865.805667 inch* 


E (eee + шан 
2 


2 


2 
y [es А P (176842103)? 
= 592.5701755 — 273,2354932 = 319.3346823 inch' 


Problem (3): Determine minimum radius of gyration about centroidal axis. 
Answer (3): К T. 0.885169079 inch 


Problem (3) 


Problem (4): For the angle section, determine (a) moment of inertias about 

horizontal and vertical centriodal axis & product of inertia about these set of 

axes; (b) maximum and minimum moment of inertias & its inclination; (c) 

minimum radius of gyration. 

(9 I- = 10.994 x 10 $ п, 1--1216х10 m & Р. =-1.792 10 * m°; 
х у ху 

(9 I = 11.264 x 10 ? m, т. = 0986 x 10 7 m’ Ө = +1019 
max min 

(counterclockwise) with respect to horizontal centroidal axis; (0) К 

0.024944 m. 
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min 


0.12 m 


0.04 m 


T 


Problem (4) & (5) 


0.28 m 


0.04 т >] lee 


Problem (5): Determine moment of inertias about ап axis which is inclined at 

30° (clockwise) with respect to horizontal centroidal axis. Also determine the 

product of inertia with respect to these inclined axes. 

Answer (5): I | = 6962 x 10 5 m^, 1 = 5198 x 10? мар, =- 
x y xy 

5.991 x 10? m*. 


Problem (6): Determine moment of inertias & radius of gyrations with respect 
to centriodal axis for the inverted T-section. 


Answer (6): (а) I- = 260.77 inch’, I. = 4133 inch’, k- 
х 52 x 


23.05 inch & 


k- -121 inch. 
y 


Problem (6) 


Problem (7): Determine minimum radius of gyration for the Z-section. 
Answer (7): k in = 1.136 inch. 
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Problem (7) 


— s e» j 


Problem (8): Determine product of inertia with respect to XY axes. 
Answer (8): P, = +558 inch 


Problem (9): Determine product of inertia with respect to XY axes. 
Answer (9): P... +48 inch 


ya 


Problem (8) 


Problem (9) 
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Problem (10): For the shaded area (bounded by a quarter-circle & a semi-circle), 
determine (a) moment of inertias about horizontal and vertical centriodal axis & 
product of inertia about these set of axes; (b) maximum and minimum moment 
of inertias & its inclination; (c) minimum radius of gyration. 


Problem (10) 


as > 
о | 6 ——>| х 
Solution (10): Quarter circle — Area (1), А s = кіпа? x) = 59 Ёс 
13 л 
inch; у 467 = ыг inch. 
l 3n я 
2 
Semi circle - Area (2), A, ar = 4.5m inch’; x, -10.4 inch; y,=3 
inch. 
_ Ах-Ах 98—45 
xe—Ll.—2 2 -. © 7 23819718634 inch 
А -А 9х-45х 
p 
9xx$ -45нх3 
= —————— = 2092958179 inch 


9z—45n 


pe ҮЭ LT EU 
xl of tA ” | 7 >? | 


I = СО +91(2.992958179 — d 
л 


fat + 4.52(2.092958179 - 3) d 33.49838508 inch 


E dr ERA 
ке ty [re^ xp lx NO Б 
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1-= LA + 9л/3819718634 - È я] 
7. т 


-[возвовз,* + 452(3819718634 - 4 я] =16.395527 Linch4 
т 


Pe Bayt буг Tr А б 730, | КА Х,У, 73) 


Р_ Te —3819718634 — 2092958179) 
xy т х 


= [ist —3819718634)(3 ~ 209295817| = +16.3275279inch4 
л 


1 1 Ж ETH 2х (+16.32675279) ) 
2 


8--tan ^ 
2 Ly eL 16.32675279 — 3349838508 


8.— 31.17800307? (clockwise) 

1, =1 соз29--Р. sin20-1 sin20 

Жу ху у 

=(33.49838508)х[соз(-31.178003079)2]- 
(*16.32675279)«[sinf2x(31.17800307)] + (1632675279рфЕй (- 
31.17800307°) 


24335922444 inch! =1 .— 
maximum 


I үе sin20+P__sin20+I_ сов20 
у! х ху у 
=(33.49838508)x[sin(— 
31.178003075y ^] (416.32675279)«[sin (2x(31.17800307*3] 
+(16.32675279)x[cos(~31.17800307°] 
= 6.465913535 inch! = I , 
minimum 
Cheek: I- +1- = 1 , +1 Ok 
х У x y 
АвАр-Аүт9л-45:-45я inch? 


pm 
k = | minimum |. (6:645913535 6 676291225 inch. 
minimum A 4.5л 
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Vote: Altemati i i 
Note: Alternatively, you can use the following expression of L nax ® 1 


E (2240508508 + mom 
2 


" 33.49838508 + 16.39557271 
2 
= 24.91256894 + 184466554 = 43.35922434 inch“ 


2 
) + (416.39557271)? 


С + seem) 
2 


zl (2240898508 илийн 
2 
= 24.91256894 — 18.4466554 = 6,465913535 пећ“ 


2 
| + (416.39557271)? 


Answer (10): (a) L- = 33449838508 inch*, I- = 1639557271 inch! & By" 
x y 


316.39557271 inch’; (b) 1 = 43.35922434 шей, 1. = 6465913535 
max min 


inch’ & Ө = +31.17800307° (clockwise) with respect to horizontal centroidal 
axis; (0) k in 7 0676291225 inch. 


Problem (11) — (17): Determine moments of inertias with respect to X & Y axes 
and product of inertia with respect to theses set of axes. (Linear unit is in inch). 
Answer (11): Тл 19.2515625 inch’; We 1.830636161 inch; hy * 


4.271484375 inch’, Answer (12): le 145.5634649 inch; n 84.77426619 


inch*; B + 109 inch’, Answer (13): 1 = 169.6548085 inch"; i 


225,8769757 inch’, P y7 + 162660666 inch“, Answer (14): I = 69.444444 
inch’, 1 = 5103207264 inch; P y7 + 1607510289 inch’. Answer (15): 15 
1054.446429 inch"; 1 = 1968.30 inch’; P y =+ 12301875 inch’, Answer (16): 
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3 2 
L= & inch’; I = Z-Z inch’; P= inch, Answer (17): 1,532 
4 ху 32 х 


x 48 y 6 


inch = 12 inch’, р. =+ ŠŚinch, 
Y xy 3 


xv 


o Problem (11) 


Problem (12) 


Problem (13) 
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Problem (14) 


Problem (15) 


Problem (17) 
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Problem (18): Determine certriodal moment of inertias (1- & 1- ). 
ху 


Solution (18): I= 1.351028905 inch; 1_= 1.523967585 inch’. 


Problem (18) 


Problem (19): Determine centriodal moment of inertias (IL & I_). 
x y 


Solution (19): 1-= 6611.36454 inch; 1_= 6710.93807 inch’. 
y 


k 127 < 127 = 
А. Н 


Problem (19) 


Problem (20): Determine centriodal moment of inertias (1 & 1-). 
LM: 


Solution (20): 128.375 inch". 
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Problem (20) 


Problem (21): Determine centriodal moment of inertias (I. & 1-1). 
x y 


Solution (21): [-= 72 inch"; 1-= 456.75 inch". 
x y 


Problem (21) 
I< 37 = 6! 2-3 


Problem (22): Determine centriodal moment of inertias (1-8: Г). 
ху 


Solution (22): 1—=90 inch’; 1-= 1272.50 inch’, 
x у 


Problem (22) 


Problem (23): Determine moments of inertias with respect to X & Y axes and 
product of inertia with respect to theses set of axes. Also, determine minimum 
radius of gyration with respect to XY axis about point O. (Linear unit is in 
inch). 
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Solution (23): 


| Problem (23) 
>. 


х 


A, =36 inch”; xj =- 6 inch; y, = +8 inch 


ТСО 
А, = 48 inch’; х, 2 inch; 


Om 
47 


inch? = 18л inch”; x, = + 552 


Y, = + 6 inch 


: © inch = E inch; y, =+6 inch 


E = inch? 
A= АА tA, 140,54866 inch’ 


Арх +А,х, +А3 р 


(36) x (-6) + (48)x(-2)+ iss 


=> х= 
A FA, +A, G6) « (48) 187 
= x =- 1.195315 inch 
P your 273 +Азуз _ (36)х (8) + (48)x (6) + 182 x (6) 


AAA ae 


= y =- 6.51227 inch 
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(36) +(48) +187 


- 23+ 


УААУ _ 
<— x=- 1.19532 inch 


х 


y 7: 6.51227 inch 


I 


х “atta ths 


= [Bae s Ha Aa 9? [Bg n0, 5] 


3 
Е „зена-вяли | Е 448:(6:51227-6) | 


36 


- [ги Ан, БАЙГ БАЛЫГ -»?] 
T- T 


Ex «36x [- LIU E 48x [-1.195315— ew] 


2 
ОТ, ttes [1555-5 | 1932.13385inch4 
л 


Io р, - A(Ay)? = 1480.05399 + 140.54866 x (6.51227)? = 7440.6749 inch 


+ A (Ax)? = 1932.13385 + 140.54866 x (1.19532)? = 2132.9450 inch" 


y y 


oy * yat a 
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- [m FAL XY, У [Po FAK - Xy, - 2 
xy [-— > E 
[Pos +Ау(ку-Ккуу- »] 


| +36х {-6 - (-1.195315)))х {8 - 6.51227} 
Р—=+[0+48х{-2-(—1.195315)}х {6 - 6.51227} 
xy a 


[orien Eois x {6~ 6.51227} = —345.93499inch* 
p | 

p". - Piy +A (Ахду) = — 
6.51227) 

=- 1439.99126 inch* 


345.93499 + 140.54866x(+1.195315)x(— 


x 
co-ordinate of this point /(+1.19532 inch, — 6.51227 inch) 
with respect to c.g. 


alternatively, 5s - Py 1 + Pa * Py 


im - [Pot +A | Ба “Ая - Ау, | 


р... = +36(—б6)(+8)]+ [0 +48(-2)(+6)] + [0 + 185(8/2Y(6] = – 1439.126 inch* 
xy 
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7440.6749 + шин 7440.6749- 2131.9450 
2 2 
= 1767.44267 inch 


T 
in „ [176744267 : 
к. ini"O") = „| n | 79/7729? 446168 пов 
min bout point" O") = 47 = V7 54666 зА 


Answer (23): I = 7440.690049 inch"; D 2132.93801 inch’; by - 


z 
) +(—1439.99126)2 


1439.9929 inch’; К, =3.546158899 inch. 
min 


Problem (24): Determine moments of inertias with respect to X & Y axes and 
product of inertia with respect to theses set of axes. (Linear unit is in inch). 
Answer (M) 1 = 494.96875 inch’, 15 1567432044 inch“; E 


1061.479167 inch"; 
Y 


Ї 


6.5" 


Problem (24) 


2t 


>x 


ок 9" ————— 


Problem (25): Determine minimum radius of gyration (a) with respect to 
centroidal axis, (b) with respect to XY axis about point O (as shown). 
Answer (25): (a) 1.421574837 inch; (b) 4.287916343 inch. 


Problem (25) 
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Problem (26): Compute moment of inertia with respect to X-axis. 


2631 bi? Y 
ПАК : 


Answet (26): Ex + эн 


_ 2rsinB 


3p 


| | 
fal 


2rsinB 


3B 


Sector of a circle 


Y 


2 
Cross-sectional area, А = fir? = eal | 
„2 
pesinponp - 8 


4 
Lr c sin pcos) 


л Жэ БУС 
Ifp- T sector of a circle is a semi-circle 


PA = 4 
Г =0.10975696 (09 and Г = 
x y 8 


If B = 5, sector of a circle isa full-circle 


_ 4 Бр, 4 
I 228 agp -2- 
x 4 y 4 
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Friction may be defined as the force distribution at a surface of contact between 
two bodies that prevents or impedes any possible stiding motion between the 
two bodies. This force distribution is tangent to the contact surface and has, for 
the body under consideration, a direction at every point in the contact surface 
that is in opposition to the possible or existing slipping motion of the body at 
that point. 


Friction is both a boon and a bane to mankind, For example, without friction we 
should not able to walk; we could not get our cars in motion, nor could we stop 
them if they we were moving. Friction is due to the resistance offered to motion 
by minutely projecting particles at the contact surfaces. 


Frictional force always acts in a direction to oppose the motion that occurs or 
tends to occur between two surfaces. 


Statie Friction: The frictional resistance between two surfaces which have no 
relative motion is called static friction. 


Kinetic Friction: The frictional resistance between two sliding surfaces which 
do move relative to each other is called kinetic friction (also called dynamic 
friction). It is two types: 
(a) Sliding friction: It is the friction experienced by a body when it slides 
over other body. 
(b) Rolling friction: It is the friction experienced by a body when it rolls over 


a surface. 
4 їе В РА 7 
(a) Sliding Нет — Figure! (Ы) Rolling friction 


We could drag a cart over the ground by using sleds (and these happen to be 
very convenient over ice) but this means much hard work against friction. But a 
wheel instead of a sled at once transforms the problem because, instead of a 
broad contacting surface AB (figure 1(a)) such as the sled involves, we have at 
any instant only a single point of contact P in the case of the wheel (figure 1(b)). 
The sled produces sliding friction and the wheel rolling friction, It is always 
easier to move a body under rolling friction than a body under sliding friction. 


Smooth & Rough Surfaces: A surface which offer frictional resistance is said 
to be rough, as opposed a frictionless surface which is said to be smooth. 
158 


It is actually impossible to have an accurately smooth surface. However smooth 
it seems to be, under a powerful microscope, the tiny unevennesses of the 
surface show themselves; and so even a very smooth ball moving over very 
smooth ice will ultimately come to a halt because of the frictional resistances 
that are created by these unevennesses. 


3 
я 
T. яр 
Bod 
Я gy 
E SR 
а 395 
uo } 
2 : 
3 | 
Мо motion H Motion 
Static region 1 Kinetic region A 
9 Applied force (>) Р 
Figure 2(а) 
~ 4<— Impending motion 
S 
ri S 
8 
2 NV 
E 
Ed 
2- | LY 
Figure 2(b) PRESSES __ SS “МЎ 


Frictional force has the remarkable property of adjusting itself in magnitude to 
the force producing or tending to produce the motion so that the motion id 
prevented. 

However, there is a limit beyond which the magnitude of this force can not 
increase. If the applied force is more than this maximum frictional force, there 
will be movement of one body over the other. This maximum value of frictional 
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force, which comes into play, when the motion is impending, is known as 
limiting friction (see figure 2). It may be noted that when the applied force is 
less than the limiting friction, the body remains at rest and such frictional force 
is called static friction, which may have any value between zero and the limiting 
friction. If the value of the applied force exceeds the limiting friction, the body 
starts moving over the other body and the frictional resistance experienced by 
the body while moving is known as kinetic friction (or dynamic friction). 
Dynamic friction is found to be less than limiting friction. 


[It сап be shown experimentally that the force of limiting friction — 
(а) Has nothing to do with the area of the contact surfaces in contact. 
(b) Is different for different kind of surfaces. 


Weight of block, W 


‘Applied force, F 
Frictional force, 


Reaction of plane, R 
Figure 3: Limiting friction 


(6) Is different for different weight W of the surface to be moved. This after all, is 
natural since the more weight there is pressing down on the surface B, the more 
opposition (.e., friction) there must be to the pushing force F. 

(d) But once the movement has started, and we pass from what we might call static 
friction to sliding friction, the amount of this diminishes below the critical level we 
spoke as limiting friction. In other words, at high speeds the “stopping” effect of 
brakes is much less than at lower speeds. For example, the force of friction 
between the brake drums and brake lining is a motor vehicle is more than twice 
as much at 20 miles per hour as at 60 miles per hour] 


Laws of Dry Friction: Coulomb (1781) & Morin (1831) 

(a) The force of friction always acts in a direction opposite to that in which 
the body tends to move. 

(b) Till the limiting value id reached, the magnitude of friction is exactly 
equal to the force which tends to move the body. 

(c) The magnitude of limiting friction bears a constant ratio to the normal 
reaction between the two surfaces. 

(d) The force of friction depends upon the roughness/smoothness of the 
surfaces. 

(e) The force of friction is independent of the area of contact between the 
two surfaces. 
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Types of Friction: 
(a) Dry friction (Unlubricated friction) 
(b) Wet friction (Viscous friction or lubricated friction) 


The smallest practical coefficient of dry friction is about 0.02 (2 percent) for 
smooth, well-greased metal surfaces, while on an automobile tire on a dry 
concrete road has a friction coefficient of about 1.00 (100 percent). 


Table 1: Coefficients of friction 


Coefficient of static Coefficient of 
Surfaces friction (б) kinetic friction Qu) 
cast iron on cast iron 0.2 0.15 
Leather on iron 0.5 03 
Leather on wood 04 03 
Steel runner on snow | к 0.02 
and ice. 1 А 
Steel on steel, clean & 
dr 08 = 
y 
Steel on steel, surface | 03 c 
oxidized | i 
Steel on steel, wet with x 02 
oil 
Steel on steel, lubricated 
with graphite 0:06 
Tire on dry asphalt 07 
Wood on wood, dry 05 03 
Wood on cast iron, dry 0.6 0.33 


Experiment show that the coefficient of kinetic friction c ) for a particular 
pair of surfaces is lower than the coefficient of static friction (t, » 


Laws of Friction: Experiments carried on by scientists and engineers for more 
than 150 years have led to the following general conclusions, known as the laws 
of friction. 


Dry surfaces Lubricated friction 
(1) the friction force is dependent on | (1) the friction force is not dependent 
the kinds of the materials and the | on the kinds of materials nor (with 
degree of roughness of the two | limits) оп the degree of roughness of 
surfaces in contact. the contacting surfaces. 
(2) the maximum friction force 


(limiting friction) which can bel Di н 
developed is dependent upon th 2) the friction force is not dependent 


normal pressure between ih роп the normal pressure between the 


Е ntacting surfaces. 
contacting surfaces, and 1519 8 
proportional to it. 
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13) the friction force is not dependent | (3) the friction force is dependent; 
upon the areas of the surfaces іп | upon the areas of the surfaces in | 
contact, 000 1 contact. — 

+ (4) the friction force is dependent on | (4) the friction force is dependent on 
| the velocity (to a limiting extent), and į the velocity and increases as the 
| decreases as the velocity increases. — | velocity increases. 

(5) the friction force is not dependent 
on temperature in any important 
degree. 


(5) the friction force is dependent on 
temperature to a considrable degree. 


Determination of Co-efficient of Statie Friction (р, ): The simples way 
determine experimentally the value of a co-efficient of static friction w) is by 


means of an inclined plane (see figure 4). The plane is lined with one substance 
and the block on it with the other substance. The angle of inclination of the 
plane is slowly increased until the block starts to slide down. From the angle 9 
at which this occurs, the value of n can be determined. On the block there are 


three forces acting as shown. The weight passes through the center of gravity, 
and hence the reaction from the plane also passes through that point, It is 
resolved N and F and from the equilibrium conditions, before sliding, we see 
that 


N = Wcos8 
N = Weos@ 
N=F tan@ 


о 


Figure 4: Equilibrium of block on a rough inclined plane 


The angle between the total contact force W and its normal component N, when 
sliding just starts, is called the friction angle, which in this case equals the angle 
of inclination of the plane. Thus 
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шил 


Е 
=— stand 
He = aya tan 
The friction coefficient equals the tangent of the friction angle, which again is 


equal to the tangent of the inclination of the plane. 


Question: Co-efficient of static friction (28 between a rubber tire and a 


concrete road is 1.00. What does it mean? 
Answer: 
ЖЫ 


ton 1 (1,00) - 459 


6 = 1807 ‘a, 
Co-efficient of static friction (и, ) = 1.00 between a rubber tire and a concrete 
road means that a car with completely locked brakes can stand on a 45-degree 


incline and that when the incline becomes slightly steeper, the car will start 
sliding down with locked wheels. 


Impending Motion: Two types of impending motion 
{a) Slipping or sliding 
(b) Tipping ог overturning or rotation 


<< b | 
Py 
| Piliding 
h h 
ЕАН: 4 E д 
F=p N 
N 
(b) After sliding {position of body 
(а) Before sliding is shown by dotted line) 


Figure 5: Sliding or slipping 
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р, 


Püppimg 


h 
O is the point of tipping N 
- (b) After tipping (position of body 
(s) Before tipping is shown by dotted line) 
Figure 6: Tipping or overturning 
Impending tipping Impending slipping 
N and F act the tipping edge Location ofN is unknown 
F ИМ: Р-Р F = N; FSF 
max $ max max 5 max 


Find P in both cases; if 
P siding > tipping? TIPPE govems (Tipping occurs before sliding) 
Pipping "sliding 21 governs (Sliding occurs before tipping) 
Some practical application of friction: 

(a) Wedges 

(b) Jamming or self-locking 

(с) Screws 

(d) The ladder against the wall 

(е) Puling a block up the inclined plane 

(0) The buggy wheel 

(g) The differential hoist 

(h) The pipe wrench and the automobile brake 

(3) Friction in thrust bearings and clutches 

0) Belt & cable friction 


Wedges: Wedges are small pieces of materials with two of its opposite surfaces 
not parallel. They are used to lift heavy blocks, precast beams etc, or adjusting 
levels of heavy machinery by the application of relatively small forces. 
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Belt Friction: Belts are often used for the transmission of a torque from one 
shaft to another and have some advantages over rearing; transmission is carried 
out by having cylindrical pulleys fixed to each shaft and a continuous belt 


passing around the rims of pulleys. 


Friction is necessary between the belt and the pulleys in order that a torque can 
be transmitted, and the maximum torque that can be transmitted is related to the 


coefficient of friction between them. 


Resisting torque 


Figure 7; Belt friction 


Driven pulley 


T, (tight) 


The equations of equilibrium, summing along the tangent and perpendicular to 


it 
E Fan tangential direction) ^ ^ 


(r+ atyeos Teo T d =0 


=F in radial direction) ~° 

dN-(T «атын ты 8 =0 

Since E is а small angle, es land зп & 2 
(T+dT)-T~pan=0 


ам-т9 ат. 98.0 
2 22972 


ант vao -o 


165 


The order of magnitude of the product of two differentials is so much smaller 
than the other terms that the term ar? will be neglected, 


dT = ЯМ 
dN = та 
dT = udN = ТӨ 


T 7 tension on the tight side 
T= tension on the slack side 


Ө = angle of wrap of the belt on the drum (in radians) 
oefficient of friction between the belt and the drum 
e = base of natural logarithms 


ыз Driver 
Driven 


Belts are used extensively in transmitting power from one shaft to another. In 
the simplest case, the belt passes around two pulleys, as shown in figure. Pulley 
B is the driving pulley; hence the upper belt has more tension in it than the 
bottom belt [Un > т). If friction did not exist between the belt and the pulleys, 


the driving pulley could not drive the belt, nor could the driven pulley be turned 
by the belt, 
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"The same type of analysis may be applied for a fixed drum, if we assume that (1) 
the belt is flexible, (ii) it hes negligible weight, Gii) low to moderate angular 
velocities prevail, and (iv) slip is impending. 

та ту? shete T, > Ty [Note: 8 must be in radians] 

The total frictional force between the belt and the oylinder is 


T, 
ари 9|. 7801. НӨ 41. ES 
T Ty =7, 1 Т n е ) [е 1|; These are the required 


relations between Ту and To when the belt is about to slip. The onset of slipping 


is therefore governed not by the difference in the tension but either their ratio, or 
their difference in comparison with the tension in one side or the other side of 
the belt. 


7 =e"; gives the tension in the rope at any angular distance @ from the 
first contact point where ten tension is Ty: The tension rises like an e ( = 


exponential) function with the angle, and this rise is extremely rapid. As an 
example, let н = 0.5; then the table below shows the ratio of the rope tensions 
on the two sides of the drum for various angles, 


Т, 
8 (radians) Times around drum am 
0 
= 1 2.193280051 
2 4 
т i 4.810477381 
2n 1 2314069263 
4n 2 535.4916555 
da 3 12391.64781 


Example: A rope making ц turns around a stationary horizontal drum is used 


to support a weight W. If the coefficient of friction is 0.3, what range of weight 
W can be supported by exerting a 600 N force at the other end of the rope? 
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600 № 


w 


No. of turns around the drum = 4 & coefficient of friction (p) = 0.3 


Angle of contact (angle of wrap) = 4 х3600=4500 =2.5л radians 
{a) Let the impending motion of the weight (W) be downward, then 
Tension in tight side Т, = W 

Tension in slack side T, = 600 N 


EN 
T - Те 


w = 6001035257) 


W = 6330434444 N 
(b) Let the impending motion of the weight (W) be upward, then 
Tension in tight side T, = 600 N 


Tension in slack side T, = W 


° 
СТ QU 
TTE 
600 = wel 03% 250 
w= бог” (03259 — 56 86613491 N 


Thus, а 600 N force can support W = 56.86613491 М to W = 6330.434444 М 
weight on the other side of the drum. 


ШШ 


Problem (1): А 40-1Ь. ladder, 20 ft long, makes an angle of 60° with the ground. 
A vertical wall, against which the ladder rests, is smooth. The co-efficient of 
friction between the ladder and the horizonta! ground is 0.50. How far up the 
ladder can а 160-Ib man climb before motion impends? 

Answer (1): 19.95527838 ft 
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Problem (2): A 50-15 block, of negligible dimensions, is on a plane inclined 24° 
with the horizontal. What horizontal force P is necessary to start the motion up 
the plane if the coefficient of friction is 0.3? 

Answer (2); Р = 43 Ib. 


Problem (3): A 400-Ib block rest on a horizontal surface. The coefficient of 
friction is 0.20. The force P is gradually increased. What maximum value can it 
have so that the block neither slide nor tip? 

Answer (3): P = 80 16. 


Ie 4 = 


Problem (3) 


Problem (3): Determine the value of P which will cause motion of the 200-[b 
homogeneous block ta impend to the right, The coefficient of static friction 
between the block and the horizontal surface is 0.3. 

Answer (3): Р = 69.0184 1203 Ib. 


ke 2 >| N o. 


Problem (4) 


2 2 


Problem (5): How far can а 200-10 man walk out from the left on a weightless 
slab (see sketch) before slip occurs? The coefficient friction at ай surfaces is 
93. 

Answer (5): 6.440366972 feet (from left) 
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18 feet 


Man (200 Ib.) 


Problem (5) 


Problem (б): A homogeneous block weighs 600 Ib, Determine the minimum 
weight W for motion to impend. Will the block tip or stip? 
Answer (6): W = 284.746102 Ib.; the block will tip. 


Fao 


u-03 Problem (6) 


Problem (7): Motion of a 20-15 block impends to the right on a horizontal plane 
for which the coefficient of friction is 0.40. A cord is horizontal from the block 
to a fixed drum over which it has an angle of wrap equal to 90°. If the 
coefficient of friction between the cord and the drum is 0.10, determine (a) the 
weight W required to cause a sliding motion, and (b) the maximum value of h 
so that tipping will not occur. 

Answer (7): (a) W = 9.3607103 Ib, & (b) h < 5 inch. 
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k 4 — 


=. 
4 


Problem (7) 
и=04 w 


Problem (8): a uniform plank weighs 40 16 and supports а 50-10 box. The 
coefficient of friction between the box and the plank is 0.50, What minimum co- 
efficient of friction is required between the plank, the floor and the wall to 
prevent its slipping when motion impends between the box and the plank. 
Answer (8): p = 0.81749 


8ft 


№ 


Problem (8) 
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Problem (9): The body A weighs 250 1b. The coefficients of static friction are 
0.3 between the body A and the inclined plane, and 0.4 between the rope and 
the drums. What value of W will cause motion of the body A to impend up the 
plane? 

Answer (9) W = 622.4939745 lb. 
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LE Problem (9) 


Problem (10): A ladder of length 5 meter and weighing 250 N is placed against 
a vertical wall. The coefficient of static friction between the wall and the ladder 
is 0.3 and that between the floor and the ladder is 0.20. The ladder also supports 
a man weighing 650 N. Calculate the minimum horizontal force P to be applied 
at the bottom of the ladder to prevent slipping of the ladder. 

Answer (10): P = 156.4580324 Ib. (<) 


в-03 


Wall 


Problem (10) 
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Problem (11); Block A weighing 300 N rests over the block B which weighs 
900 М. Coefficientó of friction for all contact surfaces is 0.3. What will be the 
value of the force P that will cause the block B to have impending motion 
toward right? 

Answer (11): P = 423.4258613 Ib. (э) 


0 Problem (11) 


Problem (12): Determine the magnitude and direction of actual friction force 
acting on the 1000 № block if (i) P = 200 М and (ii) P = 600 М. The force Р 
makes an angle of 30° with the horizontal, The values of the coefficients of 
static friction and kinetic friction are 0.25 and 0.20 respectively. 

Answer (12); (i) 145.0585927 Ib. (upward along the plane) & (il) 208.8759386 
Ib. (downward along the plane) 


Problem (12) 


Problem (13); Determine the range of values which the horizontal force P may 
have without disturbing the equilibrium of the 100-15 block resting on the plane 
inclined at an angle of 40° with the horizontal. The coefficient of friction 
between the block and the plane is p = 0.25. 
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Answer (13): Р = 48.69497849 Ib. to 137.8214438 Ib. 


Problem (13) 


Problem (14); Determine what angle 8 would be necessary for motion of the 10- 
Ib block to impend down the plane. The upper block weighs 6 Ib. and the 
coefficient of friction for all surfaces is 0.30. The rope is parallel to the plane. 


Answer (14): € = 33.42481118° 


Problem (14) 


Problem (15): Determine the value of the horizontal force P is necessary to 
cause motion of the 60-Ib block to impend to the left. The angle of friction is 
18° for all surfaces. The rope passes over a smooth pulley. (Note: the tangent of 
the angle of friction has been defined as the coefficient of friction) 

Answer (15); P = 60.63459185 (<) 
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Problem (15) 


Problem (16): What magnitude of the horizontal force P will be necessary to 
cause the 120-Ib. cylinder to move? The coefficient of friction for all surfaces is 
0.40. 

Answer (16): Р = 73,04347826 Ib. 


Problem (17): A homogeneous ladder AB (length 12 ft) weighs 22 Ib. It rests on 
a horizontal floor and against the vertical wall. What must be the coefficient of 
friction р for equilibrium? 

Answer (17): t= 0363970234 
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Problem (17) 


Wall 


Ladder 


Floor B 


Problem (18): A half cylinder is on the verge of sliding. If the coefficient of 
friction for all surfaces is 0.3, determine the angle 0. The centroid C is located 
on the mid-radius at a distance 41/32 from the diameter АВ. 

Answer (18): 0 = 40.576 1424" 


Problem (18) 


Problem (19): A vertical brake A is used to hold a circular drum B from rotating 
under the action of an 88-Ib weight. (a) What is the magnitude of the horizontal 
force P if the coefficient of friction between A and B is 0.6? (b) What is the 
bearing reaction at C on the drum? 
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Answer (19): (a) Р = 29.33333333 1b. (>); (b) Rex = 146.6666667 Ib. (—) & 
Roy = 176 tb. (f) 
Р ^ 


Problem (19) 


24 inch 


Problem (20): Determine the value of P for the motion of block B to impend if 
the coefficient of sliding friction between block B and the horizontal plane is 
0.20. Block В weighs 18 16 and the force Р is vertical. Neglect weight of the 
members. 

Answer (20): Р = 2.349791523 Ib. (1) 


2 
» d 
10 inch 


et. p-? 


Problem (20) 


10 inch 


ue 30° 30° 


A о Dg 


Problem (21): А 40-1Ь. ladder, 20 ft long, makes an angle of Ө with the ground. 
A vertical wall, against which the ladder rests, is smooth. The co-efficient of 
friction between the ladder and the horizontal ground is 0.5. State the least value 
of the angle Ө that would be required to stay in equilibrium. 
Answer (21): 0 = 45° 
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Wall 


ish Problem (21) 


Floor 


Problem (22): Determine the horizontal force P necessary to cause motion of an 
8-10 block to impend to the right. The coefficient of friction between the block 
and the horizontal plane is 0.25. 


Problem (22) 
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Solution (2): N = reaction погта! to the plane 
E 7 frictional force (acts opposite to the direction of motion) 


Цэн co-efficient of static friction = 0.25 


18 


Free-body diagram of the block 


178 


Summing the forces in vertical direction, N = 8 Ib. (1) 
From law of static friction, 5 - HN 


к =025 x 8=2 lb. (<) 

Summing the forces in horizontal direction direction, Р = F, =2 lb. (>) 
Answer (22): P = 2 Ib. (=) 

Problem (23): Determine the horizontal force P necessary to cause motion of an 


8-16 block to impend to the right, The coefficient of friction between the block 
and the horizontal plane is 025. 


Problem (23) 


Solution (23): N = reaction normal to the plane 
Б, = frictional force (acts opposite to the direction of motion) 
и, = co-efficient of static friction = 0.25 


From law of static friction, Е, - вм =0.25N 


8 lb. 


Р 
— ж 


Е N 
8 
65° 
25° Free-body diagram of the block 


Summing the forces in vertical direction (1 +ve), 
= —8 + Nos 25°— E. sin 25°= 0 


=> -8+ N cos 25° — 0.25 Nsin 25° =0 
=> N = 9,991841392 Ib. 


Summing the forces in horizontal direction (— +ve), 


179 


= +P-N sin 25°- F, cos 25° - 0 


=> +P -N sin 250 — 0.25 N cos 25° = 


= P =N sin 25° +0.25 N cos 25" = М (sin 25° + 0.25 cos 25°) 
= P= 9.991841392 х (зіп 250 + 0.25 cos 25°) = + 6,486655556 Ib. (-9) 


Answer (23): P = 6.486655556 Ib. (-9) 


Problem (24): A 6-Ib block is at rest on a plane which can be inclined at an 
angle 8 with the horizontal, The coefficient of friction between the block and the 
plane is assumed to be 0.4. What is the maximum angle Ө to which the plane 
can be raised before motion impends? 

Answer (24): @ = 21.80140949 


к= 04 


Problem (24) 


Problem (25): What is the maximum weight В can have before motion 
impends? Body A weighs 35 Ib, and the coefficient of friction between A and 
The horizontal plane is 0.25. 

Answer (25): 8.75 Ib. 


Problem (25) 
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Problem (26): What value of the force P parallel to the inclined plane is 
necessary to cause motion to impend down the plane? Body A weighs 10 Ib. & 
body B weighs 8 Ib and rests on a horizontal plane. The coefficient of friction 
for all surfaces is assumed to be 0.35. The cords are parallel to the planes. 
Answer (26): Р = 3.223349599 1. 


717 Problem (26) 


Problem (27): In the figure, the top block weighs 4 Ib. and is acted upon by a 
horizontal force P. The block weighs 5 Ib. The coefficient of friction between 
the two blocks is assumed to be 0.5, whereas the coefficient the lower block and 
the horizontal surface is assumed to be 0.2. What value of P will cause motion 
to impend? 

Answer (27): P 2 Ib. (>) 


а г 


"EIS 
6 lb. 
ftu Problem (27) 


Problem (28): In the figure, the top block weighs 20 Ib and the bottom block 60 
Ib. If the coefficient of friction is assumed to be 0.25 for all surfaces, what 
horizontal force P is needed to cause motion of the lower block to impend to the 
left? The rope is horizontal. 
Answer (28): Р = 35 Ib. (<) 
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Rope 


Problem (28) 40 Ib. 
1-025 
60 Ib. 
СЕ 
= 0.25 


Problem (29): In the figure, the top block weighs 20 [b and the bottom block 60 
Ib. If the coefficient of friction is assumed to be 0.25 for all surfaces, what 
inclined force P is needed to cause motion of the lower block to impend to the 
left? The rope is horizontal. 

Answer (29): Р = 37.7667406 Ib. 


17025 
40° 
60 Ib, 
Problem (29) 7 
2] 
= 0.25 


Problem (30): What couple/torque T is necessary to cause impending motion of 
the sphere of weight 30 Ib and diameter 3 ft? Assume that the coefficient of 
friction for all surfaces is 0.30. 

Answer (30): Т = 16.10091743 ft-Ib. (counterclockwise) 
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0.30 


Problem (31): А 20-65 block rests against a vertical wall for which the 
coefficient of friction is 0.30. A force is applied as shown. Determine the range 
of values that P may assume without causing motion to impend? 

Answer {31}: P = 19.75980762 Ib. to 20 Ib. 


k— 


(2inch —> 


1 


|=— 8inch —5| 


0.30 


= 
D 
> 
2 
3 
> 
v 


Problem (31) 


Problem (32): A 200-Ih block is connected to a 100-16 block by means of a cord 
parallel to the inclined plane. The coefficient of friction between the plane and 
the 100-Ib block is 0.10. The coefficient is friction between the plane and the 
200-16 block is 0.4. At what angle 0 does motion impend down the plane? 


Answer (32): 9 = 16.69924423 
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Ёө—? Problem (32) 


Problem (33): What weight W will cause impending motion of the system, The 
coefficient of friction for all surfaces is 0.40. The pulley is frictionless and the 
cords are peralle! to the 60° plane. 
Answer (33): W = 5.40519923 Ib. 


Problem (33) 


Problem (34): A weight of 3 1b. is held by the cord AB and the bar BC. 
Determine the necessary coefficient of friction (р) between the bar and the 
vertical wall to ensure equilibrium. 

Answer (34): 
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Problem (34) 31b. 


Problem (35): A slender bar AB has its centroid one-third of the distance from 

the base В. if the co-efficient of friction for all surfaces is р, determine the angle 

8 for equilibrium, that is, the value of 8 below which the bar will slide. 

2 

Answer (35): 6 = tan! кв. 
u 


Problem (35) 
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Problem (36): In the figure, the horizontal force P, exerted by a rope wrapped 
around a homogeneous cylinder of weight W and radius R, is used to move the 
cylinder over an obstruction of height h. What must be the minimum coefficient 
of friction at A? 

2Rh 


Answer (36): t= — 5, —— 
2Rh? +h-h 


Problem (36) 


Problem (37): The two blocks as shown in the figure are connected by a rigid 
weightless bar. What coefficient of friction is needed between the blocks and 
the surfaces to ensure equilibrium? 

Answer (37): p = 0.297565084 


15 Ib. 


Problem (37) 


Problem (38): The 18-Ib homogeneous cylinder is acted upon by a force P 
parallel to the plane and exerted by means of a rope wrapped around the 
circumference. What coefficient of friction is necessary so that the cylinder will 
not rotate? 

Answer (38): н = 0419549815 
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Problem (38) 


Problem (39): A uniform isosceles triangular plate weighs 40 Ib. The axis of 
symmetry makes an angle of 30° with the horizontal plane and is 21 inch long. 
Determine the necessary coefficient of friction to prevent slipping. 

Answer (39): p = 0.507713306 


21 inch 


Problem (39) 


Problem (40): At what maximum value of x can the force W = 20 Ib. be applied 
to maintain equilibrium if the coefficient of friction at the horizontal plane is 
0.5? The horizontal bar AB weighs 10 Ib and the bar BC weighs 8 Ib. 

Answer (40): x = 0.742562584 ft = 9.810751013 inch (from left) 
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Problem (40) 


Problem (41): A 5° wedge in a log is struck a blow equivalent to 200 Ib, What is 
the splitting force М normal to the wedge? The coefficient of friction between 


the wedge and log is 0.2. 
Answer (41): М = 2292.558536 Ib. 


EL 


200 Ib. 


a, ao 


Problem (41) 


Problem (42): What horizontal force Р is necessary to start the 5° wedge under 
the block of weight 200 Ib? The floor is horizontal and the wall is vertical & 
smooth. The coefficient if friction for the wedge and the surfaces on which it 


reacts is 0.10, 
Answer (42): Р = 56.82267687 Ib. (—) 


Problem (42) 
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Problem (43): (a) Determine the horizontal force Р necessary to withdraw the 30 
wedge from under the 300-Ib weight. The rollers can be considered to be 
frictionless, The coefficient of friction between the wedge and the surfaces on 
which it acts is 0.3. (b) What horizontal force P is needed to raise the block? 
Answer (43): (а) 163.1279246 Ib. (<); (b) 197.4110868 Ib. (—) 


Problem (43) 


Problem (44): If the coefficient of friction for all sliding surfaces is 0.2, what 
value of F is required to move the 50-Ib blocks? The force is vertical and the 
floor is horizontal. 

Answer (44): P = 10.97415668 Ib. (|) 


Problem (44) 


TE 


Problem (45): A weight of 50 Ib is suspended on a rope wrapped twice around a 
fixed horizontal cylinder. (а) What force P must be applied to the other end of 
the rope to prevent the weight from falling? (b) What force P would be necessary 
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to raise the weight of 50 1b? The coefficient of friction between the rope and the 


cylinder is 0.25. 
Answer (45): (a) 2.160695916 Ib.; (b) 1157.034632 Ib. 


Problem (45) Го 


Problem (46): Determine the force P necessary to raise a 500-Ib block on top of 
a 5° wedge. The rope passes over a drum, the angle of wrap is 60°, the 
coefficient of friction between the rope and the drum is 0.15. The coefficient of 
friction for all other sliding surface is 0.25. 

Answer (46): Р = 380.9854461 Ib. 


Problem (46) P=? 


Problem (47): A weight 100 1b is kept from falling by a force of 40 lb applied at 
the end of a rope which has an angle of wrap of 180”, What is the coefficient of 
friction between the rope and the fixed drum? 
Answer (47): н = 0.291664398 
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Problem (47) 


40 10. 100 Ib. 


Problem (48): A weight of 60 Ib. is prevented from falling by a force P exerted 
on a rope which passes over two fixed drums. The rope makes a complete turn 
about B and one-quarter turn about A. Determine P if the coefficient of friction 
between the rope and both drums is 0.40. 

Answer (48): P = 2.592835096 Ib. (=) 


Problem (48) 


60 Ib. 


Problem (49): Block B weighs 50 Ib and rests on a horizontal plane for which 
the coefficient of friction is 0,3. A horizontal string is attached to B and passes 
over two friction drums, for which the coefficient of friction is 0.2. Determine 
the minimum value of the horizontal force P needed ta move the block B. 
Answer (49): P  28.11684131 Ib. (=) 
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Problem (49) 


222222222 


Problem (50): Determine the range of values which W may have without 
disturbing equilibrium. The coefficient of friction is 0.20 between the block 
(weight 50 Ib) and the inclined plane, as well as between the rope and the fixed 
drum over which the rope passes with an angle of wrap 150°. 

Answer (50): W = 16.64310875 Ib, to 66.64614739 Ib. 


Problem (51); A platform, of negligible weight, is held horizontal by a rope 
fastened to each end and passing over fixed drums. If the coefficient of friction 
between the rope and each drum is 0.20. Determine how far from the center a 
10-Ib weight can be set without disturbing the balance. 

Answer (51): 1.825297157 ft. 
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Problem (51) 


6 ft ——_3| 10 Ib. 


Problem (52): A weight 10 Ib is about to fall. If the angle of wrap for each fixed 
drum is 180° and the coefficient of friction is 0.25, determine P for equilibrium. 
Answer (52): 0.947802248 Ib. to 105.5072407 Ib. 


Problem (52) 


Problem (53): The drum is subjected to a 120 Ib-in. counterclockwise moment. 
What horizontal force P is needed to forestall motion? The top member A is 
horizontal and B vertical. The coefficient of friction for two braking surfaces is 
03. 

Answer (53); Р = 2402697495 Ib. (-9) 
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| 16 inch р 22 inch | 
эт o m ча 
? A 


Problem (53) 


12 inch 


|. 16 inch —s| 


Problem (54): Determine the value of W and h so that the 100-Ib block is on the 
verge of both sliding up the plane and tipping, The coefficient of friction 
between the rope and the fixed drum, as well as between the block and plane, is 
0.2. The rope between the weight and drum is parallel to the plane. 

Answer (54): W = 102.3444349 Ib. (1) & h = 409269852 inch. 


Problem (54) 


Problem (55): A uniform bar of length L rests with one end on a horizontal floor 
and with another point on а half-cylinder of radius R. The coefficient of friction 
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on the ground and on the cylinder are both equal to the same value p. Derive the 
relation between the angle 6 and the coefficient of friction p for impending slip. 


28 
L 


Problem im A 
de 


2 
Answer (55): H sin? 
" 


Problem (56): A rope of length L and weight W = wL (w is weight per unit 
length) is to be dragged along a rough floor with а coefficient of friction р. It 
can be lifted at the pulling end to a height h above ground. In the calculation, 
the difference in length between the curved portion of the rope and its horizontal 
projection is to be neglected, 
{a) What horizontal pull H is required to just drag the rope, and what is the 
distance x in this condition? 
(b) What is the vertical component V of the pull at the pulling end in that 
condition? 
(c) Calculate the total pull T (the resultant of the horizontal and vertical 
components) for the case that L = 100 ft, w = 2 kip/ft, p = 0.50 and h = 
o. 
(d) Calculate the total pull T (the resultant of the horizontal and vertical 
components) for the case that L = 100 ft, w= 2 kip/ft, н = 0.50 and h = 3 


Answer (56): (а) x= L+ gh - V 2ghL +212 & H = pwL; (b) V = ех); (6) T 
= 100 kip & (d) T = 89.91469396 kip. 
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Problem (57): The angle 8 is gradually increased ший the motion of A impends. 
Does the body tip over or slide? 
Answer (57): The body will slide first. 


ie 7 2 Problem (57) 
o? 


Problem (58): A, B & C each weighs 500 Ib, and coefficient of friction (p) 0.25 
for all surfaces. Find the force F that is needed if counterclockwise rotation of 
the lever is impending. 

Answer (58): F = 294.8803578 Ib. {—) 


Problem (58) 


Problem (59): A block weighing 300 Ib., is acted upon by a force F whose 
direction is at 75° with the vertical. A weightless cable connects A to another 
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block B, which weighs 500 Ib. (a) What force F will cause impending motion 
toward the left? (b) What is the tension in the cable? 
Answer (59): (a) F = 303.1499056 Ib. & (b) 166.6666667 Ib. 


e 75° Problem (59) 


n= 1B к= 15 


Problem (60): Given, weight of body A = 400 Ib. (a) If the body В is on the 
point of moving downward, determine the tension in the cable and the weight of 
B & (b) If the body B is on the point of moving upward, determine the tension 
in the cable and the weight of B. 

Answer (60): Tension in the cable = 315.4700538 Ib. & weight of В = 
700.0947183 Ib.; (b) Tension in the cable = 84.52994616 Ib. & weight of B = 
164.0353919 Ib. 


Smooth 


Problem (60) 


197 


Problem (61): A body A rests in a 30° groove. If coefficient of friction (p) = 0.3, 
at what angle @ will motion of the body impend? 


Answer (61): 8 = 49.21466951° 


30° 
їе- ^ Problem (61) 


Problem (62): If wedge A is weightless, what load Wg may be raised by a force 
2000 157 Coefficient of friction for all slipping surfaces (н) = 0.25. 
Answer (62): Wp = 2401.811205 Ib. (|) 


Problem (62) 


2000 Ib 


Problem (63): Given, Wa = 2000 Ib., нд = 1/3 & ив = 0.15. For impending 
clockwise motion of the pulley, what is Wp? The bearing at С is smooth. 
Answer (63): We = 3821.205413 Ib. 
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Problem (63) 


Problem (64): Determine the magnitude & direction of actual friction force on 
the 1200 N block, if P = 800 М & (ii) Р = 300 N. the coefficients of static & 
kinetics friction are 0.25 & 0.20 respectively. The force P makes an angle of 50° 
with the horizontal. 

Answer (64): 


Problem (64) 


Problem (65): Two blocks A & B, weigh 600 N & 300 М, respectively. The 
coefficient of static friction between block A, and the horizontal plane is 0.3 
while it is 0.2 between the blocks A & В. determine the magnitude of force Р 
that will cause the block A to have impending motion towards right. 

Answer (65): Р = 317.6974553 N. (3) 


Problem (65) (B) 
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Problem (66): A Cylindrical ой drum is pulled by a force Q. the drum weighs 
1500 N. the value of coefficient of static friction for all the surfaces is 0.5. 
Calculate the magnitude of the force Q when the drum just starts spinning, 

Answer (66): Q 


Cylindrical oil drum. 


Problem (66) 


Problem (67): A tank (10 х5х37) weighing 500 Ib. containing water (unit weight 
= 624 lb/ft’) is to be moved by a force F on each of two parallel connecting 
rods, If pi = 0.2, what force is required to move this tank along the floor. 
Answer (67): 1460.003013 Ib. on two ropes (= 730.0015064 Ib. on each rope). 


€ $ -ы 


Problem (67) 


Problem (68): A cylinder A weighing 100 Ib. rests on a block B weighing 500 
1b, The cylinder has a diameter if 1 foot. If 1s = 0.5 for all contact surfaces, сап 
the system stay in equilibrium? 

Answer (68): the arrangement will be in equilibrium (cylinder A move 
downward & block B move towards left), because actual frictional force 
between block В & base 28.57142857 lb. which is less than limiting frictional 
force 292.8571429 Ib. 
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Problem (68) 
1N 


Problem (69): Block C weighs 200 16, and identical blocks A & B weigh 150 Ib. 
each. If ps = 0.5 for all contact surfaces, сап the arrangement remain in 
equilibrium. 

Answer (69): the arrangement will not be in equilibrium (block С move 
downward, block A move towards left & block B move towards right), because 
actual frictional force between block A ( or B) & base 66.66667 Ib. which 
exceeds limiting frictional force 50 16. 


K Problem (69) A 
1 1 


Problem (70): If there is a impending slippage at A, what is the friction co- 
efficient? Cylinder weight = 200 Ib. 


Answer (70): ps = 0.3464 10161. 


W 


Problem (70) 
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Problem (71): What is the height ‘x’ of a step so that the force P will roll the 50 
Ib. cylinder over the step at the same time that there is impending slippage at A. 
take р = 0.30. 


Problem (71) 


Cylinder weight 50 Ib. 


Solution (71): EM, = 0 (clockwise +ve); P x (12-х) = 50 х Міх -x? 


_ 50V12x-x? 


Р 
Me 
б р Free body of cylinder 
46€ - 6-х)? «dix -x? 
2 2 
sin @ = 20-7, oos 0 = (6% gg = VAE 
6 6 (6-х) 


ZF, =0 (> +ve); 0.3N cos 0 ~N sind +P =0 
= P =N sin 9 —0.3N cos 8 =N (sin 0 — 0.3 cos 8) 


Ух-х2 (66-30 


рем 5 
2 22022 
E шивэх Ке ixx -03 6 aer m 
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EF, =0(1 ve): -50 +N cos 8 + (3N sin 8 =0 
=> 50= М cos 0 + 03N sin 0 =N (cos @ + 0.3 sin 6) 
Aix -x? 
6 
Divide equation (a) by equation (b). 


2 
50{12х - x2 5 -03 a 


> 50=N [em +03 |) санан (b) 


(2-3) o. 
50 [ 2 
(ez +03? p 


й ing 1 ILES -036-8)| 


02-х) d 


=> х = 0.990825688 inch. 
Answer (71): x = 0990825688 inch. 


203 


tile Conds Galles) 


A flexible cable in one in which the internal force is tension and is directed 
along the cable, 


[Problems involving flexible cords are encountered in transmission lines and in suspension bridges. The 
toad is usually assumed to be distributed uniformly in a horizontal direction or to be distributed uniformly 
along the cord] 


There are two common applications for the flexible cable: (1) the cable which is 
loaded uniformly in a horizontal direction, and (2) the cable which is loaded 
uniformly along its arc. An example of the first would be the main suspension 
cables for a suspension bridge. If we neglect the weight of the cables, in 
comparison with the weight of the roadway and vehicles, then the loading 
would be horizontal, as pictures if figure Ка). An example of second 
application would be an electric transmission line, which hangs because of its 
own weight, and is hence uniformly loaded along the arc of the cable, as shown 
in figure 1(b). 


q, Ib. per „7 


8 
Total load = (а x S} 16. 


(а) (b) 
Figure 1: Flexible cords (a) parabola & (b) catenary 
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Parabolic Cords: A flexible chord loaded by uniform loading per unit of 
horizontal span length has the shape of parabola having smail sag (consequently 
small slope). 


q= load intensity along horizontal span length (uniform horizontal load). 

L 7 the span (support to support distance). 

S = length of the curve. 

4 = the sag (vertical distance of lowest point of curve from the support; if 
supports are at different levels, there are two values of the sag). 

T = tensile force in the cable (a function of x). 

H = horizontal component of tensile force T (constant along x, because the load 
has no x component) i.e., horizontal force at the low point. 

V = vertical component of tensile force T (a function of x). 


=y +у? 


T+dT 


|e dx >| 


б! > Xt 


Figure 2: Equilibrium of an element of a parabolic cable 


Summing the forces in horizontal direction; ER =0;H=H 


Summing the forces in vertical direction; ZF, =0;(V+dV)-V= qd 


a! 

dy V y „Фу 

dx H dx 
2 

dep Sey, 

dx dx 
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2 
шэг 
УУСАН +Сух+С, 
Boundary conditions: at x =0, у = 0: C, = 0. 


dy 
&atx=0, 7-0; C -0. 
XU ах 1 


2 
юэ ; Equation of the parabolic curve. 


2 2 

y= d; d= L2. a= I, This sag is seen to be proportional to 
2H 8H 

the load & inversely proportional to the horizontal tensile force in the cable, as 

it should be. 


L 
at xa, 
2 


| 

qx? | | supports are at unequal heights, In that case, the origin of 
2H || co-ordinates, still at the lowest point of the curve, is no 
1--- | tonger in the center of the span, 


Span (L) > 
Y 


2 


| >х 


hanger | |564) c 


Оо 


Uniform load, q, №. per ft 
Figure 3(a): Flexible cord (parabolic shape) 


3 В " L 
Maximum vertical support reaction — 7 
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Summing the forces in horizontal & vertical directions 
УЕ, -Tcos0-H -0 


Тсоз0 =H 
and ҮЕ, Tsin 8-qx =0 


Tsin 6 = qx 
Taking moments about point C gives 
2 2 
qx ox 
M =0;Hy-+—=0> ys 
XM, y-73 у-н 


T - reos 0)? +(Tsin 0)? = (н)? + (qx)? ; This gives the tension in cord at 
any abscissa x. Since the tension increases as x increases, the maximum tension 
occurs at the supports A & B. 

Minimum tension (which occurs at the lowest point (at x = 0, y =0)) 


=... РЭН 
min 


Maximum tension (which occurs at the supports (at x = L/2, у = d)) is 
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The slope of cord at any point C is, tan@= P 


At the supports, х = L/2 & tan 0 - 900) E ЕЭ 
max H 2H 
2 
Substituting, H=; tano = d 
84 тах L 
L 
42 


a 


i 
i 
i 
i 
i 


uniform load а Ib. per ft. 


Figure 4(a): A parabolic cable uniformly loaded along its span 


q per horizontal span 


L >| 


Figure 40): A parabolic cable uniformly loaded along its span 
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Length of a Parabolic Curve: In calculus, it is shown that the length of any 
curve is given by 


1 1 1 


2,212 2,2 4,4 5,6 
ee] сач х2 ак? 9х 


н? 2H? вн 16нб 
E qii М ШЫ ай 
24H? 640HÍ 716816 


Where Зах is the length of parabolic cable between supports which are at the 


same level. Do not use this expression for supports at different level. 
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Catenary or Chainette: A flexible cord loaded by its own weight (uniformly 
loaded per unit of chord length) is called catenary or hanging-chain curve 
(comes from Latin cafena (=chain)) having large sag (8: consequently large 
slope). 


Span (L) >| 


| 
Е 


Figure 5(b): Flexible cord (catenary shape) 


У+ T 


> Х+ 


Figure 5(Ь): Equilibrium of an element of a catenary 


load intensity along cable length (weight of unit length of cable) 

L = the span (support to support distance). 

$ = length of the curve (note that length of the curve $ is measured from the 
lowest point of the curve; if supports are at the same level, total length of the 
catenary is 28). 
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d = the sag (vertical distance of lowest point of curve from the support; if 
supports are at different levels, there are two values of the sag). 

T =tensite force in the cable (a function of s). 

H = horizontal component of tensile force T (constant along x, because the load 
has no x component) i.e., horizontal force at the low point. 

V = vertical component of tensile force T (a function of s). 

k = H/q; the value of y at x 0. 


Summing the forces in horizontal & vertical direction. 
ҮЕ, =Teos@-H=0 


Тсоѕе = Н 
апа УР, =Tsin 0 -48=0 


Tsin Ө = qs 
Tsin 9 =tane= 28 
Тсов 8 H 


хо 2,225 
plog, | (62 +s)? dog C, 
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Ix 


ek =st(k2 +52)2 
Wo шк 
eke К 


з= -e 


Е 
2 


s= кх); Where з is the length of cord measured from the lowest point С. 


If the cord is symmetric (points of support on the same level), the total cord 


length is 2s. 
Substituting, s =k dy 
dx 


sk = 228 
dx k 

Y - 20 

dy= | ёх 

yt с, = eos 2] 


= kcosh! Х. 
аа) 


ds? = dx? + dy? 
dsY fax? 
--| =1+| — 
dy Фу 

1 


ds dx ^p 
—=|1+| — 
Фу dy 
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ZB 


(k? +82)2 


1 

yc, -&2 487)? 
d 
у=@+42)2 


т2 =н? +v? 


т=үн? +V? 


H= qk &V=qs 
теа «as = үч? +52) зака +57) 


T=qytk? +52) = ayy? = 


This gives the tension in cord at any ordinate y. Since the tension increases as y 


increases, the maximum tension occurs at the supports A & B. 


Minimum tension (which occurs at the lowest point (at x = 0 & y =k & s =0)) 


=T, =H 
min 
Maximum tension (which occurs at the supports (at x = 1/2 & y = k*d)) is 


Tux -q(k*d) 
1 


At supports, y = (к? +82)? =k+d 
1 
k+d=(k? +52)2 
At the lowest point (point C) on the curve, у = k 


The slope of cord at any point Dis, tan 0 = a 


1 


At the supports, x =L/2, y =(К^ +57)2 =k+d 
s=(k+d)? -К? =d? +2kd 
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“2 +2kd) 


tan 
max H 


Note: If origin is taken at the lowest point of the curve, then the equation of 
catenary becomes 


У. созһ5—1 
k 


— = cosh -1 
(Н/а) (На) 


4 q 
Sy =coshty-1 
Heee 


Comparison of Parabola & Catenary: 


ЭХ, This equation of parabola can be written as: 
2 

ayo 

H Y H ) 


Ry-eohiy-l; This hyperbolic cosine of the catenary can be developed 


into a Taylor power series: 


2 4 6 
Ay 18) +L fax Zl Ч 
H 2\H 24\Н 720\Н 
The first term of this development is the same as the formula of the parabola, 


and the other terms represent the difference between the two, the catenary 
having larger deflection. The difference between the two becomes significant 


only for large values of P that is, for large sags in comparison to the span. 


The table below gives some figures which the reader should verify from the 
formula. 


Table 1 
ET Sag. Error 
Span 
2 L 34% 
б, 2 
I £ 2% 
2 8: -ысс 
1 + 0.1% 
8 32 
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Table 2: Difference between parabola & catenary 
Parabola Catenary 
When the flexible cord is loaded When the flexible cord is loaded 
uniformly along its horizontal span | uniformly along its cord length, 
length, the cord becomes a parabolic | the cord becomes catenary shape, 


shape. q = f(x) q= f(s) 
2 
mets S = cosh Чу-1 
угын Wy 91У 


А catenary can be analyzed аз a parabola When oe ratio is < 10% 
pan 


(see table 1) & a parabola can be treated as a catenary for accurate 
results. 


Figure 6: A parabola is a good approximation to a catenary 
for small sags 


ШЕШ 


Problem (1): A cable is suspended with its ends at the same elevation and 200 
feet apart. The load is uniformly distributed horizontally. When the sag is 5% of 
the span, the maximum tension is 2040 Ib. What is the load in pounds per foot? 


Solution (1): Span (1) = 200 ft, 
Sag (d) = 5% of span = 5% of 200 = 20 feet. 
Maximum tension (T...) = 2040 Ib. 


Since, sag is 5% of span; the cable can be analyzed as a parabola. 
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Uniformly distributed load (per horizontal foot) = q lb/ft. 
Minimum tension at lowest point = H 


2 
н- 
84 


2 
н = 9200). 5009 tb. 
8(20) 


Maximum tension (which occurs at the supports (at x = L/2, у = d)} is 
2 
T =ун2 «(8 
max 2 


2 
= 2040 J (5004)? (2) 


=> q = 4.000799157 
Answer (1): q = 4 lb/ft. 


Problem (2): A cable weighing 2 lb. per ft. is 400 ft. long. The distance between 
the points of support, which are on a horizontal, is 398 ft. Compute the sag and 
maximum tension in the cable. 


Solution (2): Span (L) = 398 ft 
Length of cable (S) = 400 ft 
Uniformly distributed load (per horizontal foot), (q) = 2 ТЫЛ. 


3a? 3244 

= рува азе. 

max 3L 35 
2 4 

= 400-398, 50... 32d 


3098) 5308 
= 4-17.31653408 ft 
2 
н=%— 
84 
.. XE? 
(8)(17.31653408) 
Maximum tension (which occurs at (he supports (at x = L/2, y = d)) is 


=2286.889502 Ib. 
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2T = 2321.264223 Ib. 
max 


Answer (2): 17.31653408 ft; 2321.264223 Ib. 


Problem (3); A 3/8-inch copper wire may be safely loaded to a maximum 
tension of 12000 psi of cross-sectional area. For a sag of 20 ft., what may be the 
maximum safe span when the points of support are on the same level? Copper 
weighs 556 Ib. per сїї. Assume the curve to be parabolic, 


Solution (3): Diameter of copper wire = 3/8 inch 


2 
Cross-sectional area of copper wire = "RE inch? 
= 2%. inch? - R? 
256 4096 
Weight of copper wire (unit weight) = 556 Ib. per eft 
Uniform weight (q) = (Unit weight) х (cross-sectional area of wire) 
b я „2_139л 


5556 2 x 
aU 4096 1024 


[cft = cubic feet] 


lb. per ft. 


Maximum tensile stress = 12000 psi 
[psi = pound per squre inch] 
Maximum tensile force (T...) = (Maximum tensile stress) x (cross-sectional 


area of copper wire) = 12000 psi х X inch? = 421.8751: 16. 


Sag (9) = 20 feet 
Minimum tension at lowest point = H 
Span of cable = L 
2 
gate 
8d 
(139m 
rank л 
ats ы 12 lb 
8(20) 655360 


Maximum tension (which occurs at the supports (at x = L/2, у = d)) is 
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=> 421.8757 = 


2 (3% 
( п 12) ,; 1024 __ 
| 655360 
=> L = 702.9057994 ft. 
Answer (3): 702.9057994 ft. 
Problem (4): A wire which weighs 1 lb, per ft. is to have a sag of 10% of the 
span. The points of support are ол the seme level. (а) If the maximum 


permissible tension in the is 1000 Ib., what is the maximum permissible 
span? (b) What length of wire is needed? 


Solution (4): Span (L) = 200 ft. 
Sag (d) = 10% of span (L) = 0.1 (L) 
Maximum tension (T p) = 1000 Ib. 


Since, sag is 10% of span; the cable can be analyzed as a parabola. 
Uniformly distributed load {per horizontal foot), (q) = 1 lb/ft. 
Minimum tension at lowest point = H 


2912 
ва 
2 
.QUY 1 9512 
80. 1L) 


Maximum tension (which occurs at the supports (at x = L/2, y = d)) is 
Ё 
T =үн?+ (22 
max 2 
2,2 же 
= 1000= ү (1.2517 } (3) 


=> L = 742.7813527 ft 


Sag (d) = 0.1 x L=0.1 х 742.7813527 ft = 74.27813527 ft 
Length of cable = $ feet 
84? 3244 


5 Е 
max 3L 52 


в(74.27813527)2  320427813521)* 


3(742.7813527) — s142.7813527) 
5$ 57621134754 ft. 
max 


28$ = 7427813527 + 
шах 
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Answer (4): 742.7813527 ft; 762.1134754 ft. 


Problem (5): A bridge cable is to be swung between two towers 1000 ft apart. 
The strength of the cable is 1200 kips. The loading on the cable is 300 Ib per 
horizontal foot. Determine the necessary sag and the total length of the cable. 


Solution (5): Uniform loading on the cable (д) = 300 Ib per horizontal ft 
Loading is given per horizonial feet; analyze the cable as a parabola. 
Span (L) = 1000 feet 

Sag=d 

Maximum tension (Т, а) = 1200 kip = 1200000 Ib. 


2 
т + (83 
тах ү 2 


300x1000)? 
2 
= H= 1190588.09 Ib. = Minimum tension at lowest point 


= 1200000 =,{H? Ч 


12 
H=% 
ва 

2 

=> 119058809 (20001000) 


8(9) 
=> 4=31.49703942 feet = Sag 


8 = 1+ 
тах 3L sp 


3(74.16770791)2  32(74.16770791)* 


3(1200) 512008 
=S = 1002.639204 feet = Length of cable 
max 


28 =1200+ 
max 


Answer (5): 31.49703942 ft; 1002.639204 ft. 


Problem (6): A cable, whose ends are anchored at the same elevation, carries а 
uniform horizontal load of 100 16/8. the maximum sag is to be 10 ft. determine 
the allowable span and length for a maximum tension of 3000 Ib. 


Solution (6): Sag (d) = 10 feet 
Maximum tension (T...) = 3000 Ib. 


Uniformly distributed load (per horizontal! foot), (9) = 100 lb/ft. 
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Minimum tension at lowest point = H 


2 
u- a. 
8d 


2 
H= 1000) 512 


8(10) 
Maximum tension (which occurs at the supports (at x = L/2, y = d)) is 

2 

T =үн?+ (=) 
max 2 
Кыт A 
= 3000 = yeas? (Em) 
= L= 415911304 ft 


Length of cable = $ feet 


802 зй 
max 3L 43 
800)? — зу 


=S 415911304 + 5 
ee 3(41.5911304 ) 5(61:5911304 3 


28 = 47.11318861 ft, 
max 


Answer (6): 41,5911304 ft.; 47.11318861 ft. 


Problem (7): A cable is strung between two towers 700 ft apart. It carries a 
uniform horizontal load of 400 Ib/ft. The length of the cable is 430 ft. Determine 
the sag and maximum tension. The cable anchors are at the same elevation. 
Answer (7): 90.57989762 ft; 304.5638317 ft. 


Problem (8): A bridge cable is suspended between two towers at the same 
elevation. The span is to be 1500 ft, and the sag is 150 fi. the allowable design 
load for the tension at the towers is 6000 tons. Determine the allowable 
horizontal load per foot, and the required length of cable. 


Solution (8): Uniform cable weight = q Ib/ft 
Span (L) = 1500 feet 
Sag (d) = 150 feet 
ар 2150 _ 9 9) = 10% 
span 1500 


Since, sag is 10% of span; the cable can be analyzed as a parabola. 
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Maximum tension (Т ) = 6000 ton 
бах 
Minimum tension at lowest point = H 
2 
H= rs 
8d 
_ 0500)? 


= 1875 
8(150) 4 


эн 


Maximum tension (which occurs at the supports (at x = L/2, y = d)) is 


2 
T =үн? 48 
тах 2 


2 
> s000= вяза (380) 


= q = 2.97112541 1 ton/ft 
Length of cable = S feet 


2 4 
09, 8050)" _32150 539.04 ft 


шах 3(1509) 515008 


Answer (8): 2.971125411 tons/ft.; 1539.04 ft. 


Problem (9): A cable is suspended between two points 81 horizontal feet apart. 
One of the cable anchors is 15 ft below the other, and the sag, measured from 
the higher anchor, is 20 ft. If the maximum allowable cable tension is 10 kips, 
state the allowable horizontal load and the necessary length of the cable. 


ai! 1 


Problem (9) 
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H | Solution (9) 
А а)? «n» «t qu» 
Solution (9): H = = ct wid. une 
8d ^ 8&5 8 ^ 8x20 
«tX а) 
$x5 — 8x20 ^ 2 1 
[AL 
= 1+ 2 asi L tL, -162 
2 2 1 2 
Ly 754 feel & Ly = 108 feet, 
2 
40.) 2 
не 2 9607 = 729816. 
ETE 
ШОН. 
or H=—2— = X009 оз ga, 
8d, 8x20 


т occurs at the highest support. 
E В! ppi 


2 
1, 2 
esas rra Pu quium 
Tux = 127 H Ч 2 | (72.94) Ч 5 


=> q=110.2273242 lb/ft, 


2 4 
э 8 254 4807. 326) _ 55 00916527 feet 
1 3(54) ssi 
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2 4 
ва,2 32d 
S, =L, eS 


25-12 3L, я2 


2 4 
= 8,454 9207 3200). 


= 117.063659 feet. 
2 3(108) 5(1083 


55.20916527 | 117.063659 


2 
Answer (9): 110.2273242 lb/ft.; 86.13641214 ft. 


8, 8 
8-414-2- = 86.13641213 feet. 
TT 


Problem (10): A clothesline weighs 0.20 lb/ft. it is hung between posts 40 ft 
apart, and it is 7 ft off the ground at each end. What must be the length of the 
clothesline and the maximum tension if it is to be hung so that a 6-ft man can 
walk underneath the lowest point? 


Solution (10): Given, uniform cable weight (q) = 0.20 lb/ft 
Span (L) = 40 feet 
Sag (d) = 7 feet — 6 feet = 1 feet (see figure below) 

SR 0025 =2.5% 
span 40 


Since, sag is 2.5% of span; the cable can be analyzed as a parabola, 


L= 40 feet >| 


zg OF 
М 4 Problem (10) 
! © man 
Y Ground level 
Minimum tension at lowest point = H 
2 
ist. 
8d 
2 
ype COUO L ааа, 
80) 
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Maximum tension (which occurs at the supports (at x = L/2, y = d)) is 


Length of cable = $ feet 


8 =L+ 

max 3L 53 
2 4 

о 802 _ 320) 


= 40,06656667 ft 


>5 =4 
тах 3(40) ЁСОН 


Answer (10): 40,06656667 f; 40.19950248 Ib. 


Problem (11): A rope weighing 1.5 Ib/ft, is anchored to a wall and passed over a 
frictionless drum, as shown in the figure, What must be the minimum length of 
the hanging rope to prevent slip on the drum? The co-efficient of friction on the 
drum is 0.6, and the angle of wrap can be assumed to be 1/2 radians. 


2f 


Problem (11) 


Solution (11): Uniform cable weight (9) = 1.5 lb/ft 
Span (L) = 40 feet 
Sag (d) =2 feet 
sag 2 
span 40 
Since, sag is 596 of span; the cable can be analyzed as a parabola. 
Minimum tension at lowest point = H 


= 0.05 =5% 


2 
How 
8d 
402 

н 5540 5р, 
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Maximum tension (which occurs at the supports (at x = L/2, у = 4) is 


2 
тен? + (2) 
max 2 
2 
эт. = 1015002 Е 
тах 2 
=> Т. = 152.9705854 Ib. 
max 
Tension on slack side = T, =Т = 152.9705854 Ib. 
17! max 
Tension on slack side — T, 
Friction co-efficient (н) = 0.6 


Angle of wrap (8) = р radian 


нд 
Tye 


(0.6x2) 
=> 1529705854 = Tye 2 


= Т, = 596066923 Ib. = (length) х (weight per unit length) = В ха 
= Ty =59.6066923 Ib, =h x q= (fO = (151578) 
= h = 39.73779486 В. 


Answer (11): В = 3973779486 ft. 


Problem (12): During an ice storm, a cylinder of ice forms on a telephone line. 
The line is strung between poles 80 ft apart, The weight of the clean line is 0.3 
Ib/ft. How much ice can form if the sag is not to exceed 5 ft and the maximum 
allowable tension in the line is 600 Ib. Assume the ice is to be a solid cylinder 
with wet density 56 lb/cft. 


Solution (12): Span (L) = 80 feet 
Sag (d) = 5 feet 
$88 5 0095-6259 
span 80 
Since, sag is 6.25% of span; the cable can be analyzed as a parabola, 
Weight of clean line = 0.3 lb/ft 
Weight of ice formed = w Ib/R 


Total uniform weight on the cable (ice weight + cable self-weight) = q = (0.3 + 
w) lb/ft 
Maximum tension (T...) =600 Ib. 

max 
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Minimum tension at lowest point = H 
_ (03: w)x (80)? 
8x5 
=> H-160(03 +w) 


Maximum tension (which occurs at the supports (at x = L/2, y = d)) is 


= 600= [160(0.3 + wy]? + 


=> w = 3338034376 Ib/ft = weight of ice-formed 
Ice unit weight = 56 Ib/cft. 


Cross-sectional area of ice = 232502437 610 _ 0059607756 02 
56 Ib/eft 
= 0.059607756 х 144 inch? — 8.583516966 inch? 
2 
ES xm = 8.583516966 inch? 


=> D=3.305884637 inch 
Answer (12): 3.305884637 inch diameter ice cylinder, 


Problem (13): А 70-ft cable, weighing 7 lb/ft, hangs between two supports at the 
same elevation. The sag is 20 ft. how far apart must the supports be placed. 


Solution (13): Total length of the cable (2S) = 70 feet 
8 =35 feet 

Uniform load along the cable (4) = 7 lb/ft 

Sag (d) = 20 feet 

Span of cable = L feet 


у=к+а= did est 

э k+20= Vk? +352 

2 (к+20)2 = к2 +352 
=> к? 440k +400 = k? +1225 
2k- BE = 20.625 feet 


s=ksi u() 
k 


atx = L2, $ = 35 feet 
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> 35.=20.625sinh (2) ) 


20.625 


> sini L | = 1.696969697 


41.25 
2L- 41.25sinh" !(1.696969697) = 53,5954231 feet 


Answer (13): 53.5954231 feet 


Problem (14): An overland transmission line cable is strung between 80-ft 
towers 2000 ft apart. The difference in elevation of the towers is 200 ft, the 
cable weighs 4 lb/ft. the minimum tension (Н) is known to be 40,000 Ib. what is 
the tension in the cable at the towers? What will be the length of the cable? 


| 2000 ft 


| 
Problem (14) 


Solution (14): Uniform cable weight (q) = 4 Ib/ft 
Minimum tension at lowest point (Н) = 40000 Ib. 
Sag (d) - 200 f 
Distance between tower = 2000 ft = half of span 
Span (L) =2 х 2000 f= 4000 ft 
БЭРЭН 
span 4000 
Since, sag is 5% of span; the cable can be analyzed as а parabola. 


1 
T =H? «(8) 
max 2 
2 (44000 
= Тоо =. 40000) 4 | = 40,792.15611 Ib, 
max 2 


в 4,2 zd 
max ^ 3L sp 
2 4 
53 =4000+ 8200)" _ 32200)” _ 4026.506667 0 
нэ 304000) (4000) 
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Length of cable (8/2) = 2013.253333 ft 
Answer (14): 40,792.15611 1Ь.; 2013.253333 ft 


Problem (15): a parabolic cable carries a load of 200 Ib per horizontal foot 
supported at two ends 100 ft apart & one support is 20 ft higher than the other. 
The sag measured fiom the lower support is 8 ft. Determine the tension at the 
anchors. 


n 100 >| 


Problem (15) 


Solution (15) 


2 2 2 2 
«L)' 2000.) Р Hee _ 200(L5) 


Solution (15): H = 


8d 8x8 81, 8x28 
200.4)" 200) A 
шин нэхий = 21 
кйш 8х28 C 2 (211 


E 7E 
= -l + -2 =100;5 L +L, =200 
2 2 ПЕ) 


Li = 69,66629547 feet & L, = 130.3337045 feet. 
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2 
LL 200(69.66629547)" 


н = 15166,85226 Ib. 
[3 8x8 
qt,» 200(130.3337045)? 
or H=— 2 = SEE! = 15166.85226 Ib. 
8, 8x28 
2 fa) 2, f 200% 69.66629547)* 
T= н? + E = 4(15166.85226) 4 Бохөлөөөмэ) 


= T, = 16690.33657 Ib. 


1 
«р 200х130.3337045 Y" 
T, =H? + 2 = (1516698726) «[200:1302327045) 


> т, = 19997.55367 lb. 


Answer (15): 16,690.33657 15 & 19,997.55367 Ib. 


Problem (16): A transmission-line cable is to be hung from two towers, at the 
same elevation and 800 ft apart. The weight of the cable is 5 lb/ft, and the length 
of the cable is 1000 ft. What are the necessary sag and maximum tension? 


Solution (16): Tota! length of the cable (2S) = 1000 feet 
S = 500 feet 

Uniform load along the cable (4) = 5 ЫП 

Span of cable (L) = 800 feet 

Sag=d 


Maximum tension = T 
max 


з= (а) 
k 


at x = L/2 = 400 feet, S = 500 feet 
> 500=k eJ 


Solving, by tríal-&-error, К = 338.2096278 feet 


у=к+а= Vk? 4s 


=> 338.2096278 + d= ¥338.2096278 
=> d = 265.4427328 feet 
Maximum tension (which occurs at the supports (at x = L/2 & y = k*d)) is 


50 
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Trax Ч (k +d) = 5 (338.2096278 + 265.4427328) = 3018.163664 Ib. 


Answer (16): 265.4427328 В & 3018.163664 16. 


Problem (17): A bridge cable is to be swung between two towers 1200 ft apart. 
The strength of the cable is 1000 kips. The loading on the cable is 400 16 per 
horizontal foot. Determine the necessary sag and the total length of the cable. 
The ends of the cable are at the same elevation. 


Solution (17): Uniform loading on the cable (0) = 400 Ib per horizontal ft 
Loading is given per horizontal feet; analyze the cable as a parabola. 
Span (L) = 1200 feet 
Sag=d 
Maximum tension (Т ) = 1000 kip = 1000000 Ib. 

max 


у 
T = 2+ (42) 
max 2 
co 


2 
=> Н = 970772.888 lb. = Minimum tension at lowest point 


= 1000000 = нд 


2 
new 
8d 
g- (400) 1200)? 
8(d) 
=> d=74.16770791 feet = Sag 


=> 970772.88 


=L+ 
max 3L s? 
8(74.16770791)2 32(74.16710791)* 
3(1200) 5(1200)> 
=S =1212.112037 feet = Length of cable 
max 


>$ =1200+ 
max 


Answer (17): 74.16770791 ft; 1212.112037 ft 

Problem (18): A 60-ft cable weighs 360 Ib. and is suspended from two points at 
the same elevation. For a sag of 15 ft., find (a) the tension at the supports & (b) 
the span. 

Solution (18): Total length of the cable (2S) = 60 feet 
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S = 30 feet 


Sag (d) = 15 feet 

Span of cable = L feet 

Maximum tension = Т 
max 


y-k*d- Vk? +52 
эк+15= к? +302 


э (k+15)? = k2 +302 
= К2 430k +225 = k? +900 
э k= 200-225 L 99 5 feet 
30 


Maximum tension (which occurs at the supports (at x = 1/2 & y = k+d)) is 


Daag =q(k+d) =6 (22.5 + 15) = 225 Ib. 


з= 228 
k 


at x = L/2, $ = 30 feet 


=> 30=22.5 (52) 
225 


> КӨ =7.5 
45 
=> L=45sinh7 17.5) = 49.43755299 feet = Span of cable 


Answer (18): (a) 225 16.; (b) 49.43755299 ft. 


Problem (19): A cable weighing 1 Ib. per ft. is suspended between two points on 
the same level with a span of 300 ft. and sag of 20 ft. What are (a) the length of 
cable, (b) the tension at the lowest point, & (c) the maximum tension? 


Solution (19): Uniform cable weight (q) 1 Ib/ft 
Span (L) = 300 feet 
Sag (d) = 20 feet 
Зав 20. 0,06667 = 6.667% 
span 300 
Since, sag is 6.667% of span; the cable can be analyzed as a parabola, 


Minimum tension at lowest point = Н 
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2 
"E 
8d 


2: 
H= 0600) _ 569.5 1b, 
8(20) 


Maximum tension (which occurs at the supports (at х = 1.2, у = d)) is 


2 
T= fre (2) 
max 2 


a 
=> T= 662.5)? + = 582.1565511 Ib. 
max ү 


Length of cable = 5 feet 


2 
820) 303.5176296 ft 


Answer (19): (а) 303.5176296 ft.; (b) 56.5 1Ь.; (c) 582.1565511 Ib. 


Problem (20): A wire weighing 0.25 Ib per ft. is strung between two supports, 
300 ft. apart. One support is 15 ft. higher than the other, and the sag, measured 
from the lowest support, is 5 ft. Compute the tension at each support and the 
length of wire. 

Hints: See solution (9) & solution (15) 

Answer (20): 251.2468905 Ib., 254.9509757 Ib. & 301.49175 ft. 


Problem (21): A cable weighs 2 lb. per ft. supported at two ends with one 
support 15 ft. higher than the other. Consider initially that the cable is parabolic 
and that negligible lengths of cable hang vertically. Find the weights W; & W2 
for equilibrium. Is the sag to span ratio such as to justify recalculation as a 
catenary? A & В are smooth pegs of negligible diameter and О is the lowest 
point in the span. 

Answer (21): Wi = 533.7082016 16. & № = 562.8893714 Ib. 
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| 100 >| 


Problem (21) 


Problem (22): A power line which weighs 0.25 Ib. per ft. is to be subjected to a 
maximum tension of 1500 Ib. The poles are 200 ft. apart. If the supports are in a 
horizontal plane and if the weight is assumed to be uniformly distributed 
horizontally, what is the corrected sag? What is the length of the wire between 
poles? 


Solution (22): Uniform loading on the cable (а) = 0.25 Ib per horizontal ft 
Loading is given per horizontal feet; analyze the cable as a parabola. 
Span (L) = 200 feet 
Sag = d 
Maximum tension (T. ) 71500 Ib. 
max 
2 
T =,/H2 (ey 
max 2 


2 
= 1500= нэ. 2820) 


=> Н = 1499.791652 16. = Minimum tension at lowest point 


a 
8d 


H= 


2 
= 1499.791652 = C2 C00 
84) 
=> d= 0833449098 feet = Sag 


=Ь+ 
мах 3L s 
2 4 
>s = 200+ (0833449098) _ 32(0.833449098 ) 
max 3(200) 52008 
Е) = 200.0092614 ft = Length of cable 
шах 
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Answer (22): 0.833449098 П.; 200.0092614 ft. 


Problem (23): A suspension foot bridge is supported by two parallel cables, one 
оп each side of the bridge. The suspension points are in a horizontal plane. The 
span is 300 ft., the sag is 40 fL, and the cables each weigh 3 Ib. per ft. the floor 
of the bridge is 4 ft. wide and weighs 30 Ib. per ft. of length. For a maximum 
permissible tension in a cable of 20000 Ib., what live load per square foot of 
bridge-floor area can this bridge sustain? Neglecting stretch due to load, find the 
length of each cable. 

Answer (23): 14.01571559 Ib. per square foot; 313.7776029 ft. 


Problem (24): А cable weighing 5 Ib. per ft. hangs as a catenary from points 
which are 600 ft. apart and on the same level. The tension at the lowest point is 
1500 Ib. Find (а) the length of the cable, (b) the sag, & (с) the maximum tension 
in the cable. Solve this problem assuming that then cable forms a parabola and 
compare answers. 


Answer (24): 
Catenary Parabola 
Length of the cable. ..  705.1207162f.— | ~ 685 8 
DES Sag _ ы 162.92 Ёоо 
Maximum tension | . 2314.6209532]b | 1507.481343 lb 


Problem (25): If a cable, 200 ft. long and weighing 3 Ib. per ft., is suspended 
from points on a horizontal with a span of 150 ft., find (a) the minimum tension, 
(b) the maximum tension, (c) the sag. 


Solution (25): Total length cf the cable (28) = 200 feet 
S = 100 feet 

Uniform load along the cable (4) = 3 Ib/ft 

Span of cable (L) = 150 feet 

Sag=d 


Maximum tension = T 
max 


з= ка) 
k 


atx=L/2=75 feet, $ = 100 feet 
=> 1005k sini( 7) 


Solving, by trial-&-error, К = 55.50 feet 
y=ktd= k? +52 
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=> 55.50 + d = ¥55.5 24100? 


=> d = 58.8689206 feet 


Minimum tension (which occurs at lowest point), H = q k = 5 (55.5) = 166.5 Ib. 
Maximum tension (which occurs at the supports (at x = L/2 & y = k+d)) is 
T sax = atk +4) = 5 (55.5 + 58.8689206) = 343.1067918 Ib. 


Answer (25): (а) 166.50 Ib.; (b) 343.1067918 1Ь.; (c) 58.8689206 ft. 


Problem (26): A cable in the form of a catenary is 400 ft. long. How far apart 
may be the supports on the same level, if the maximum tension is not to exceed 
400w, where w is the weight of the cable in pounds per foot? 


Solution (26): Given, Maximum tension, T 


total length of the cable (28) = 400 feet 
S = 200 feet 

Uniform load along the cable (4) = w Ib/ft 
Span of cable = L feet. 


=400 w 
max 


Maximum tension (which occurs at the supports (at x = L/2 & y =k+d)) is 
T... 7 w(k*d) = w (k*d) = 400 w 


max 
= (k+ d)- 400 


y=k+d= үк? +52 
=> 400= Vk? +2002 


= к= 3464101614 feet 


s= ваз 
k 


at x = L/2, S = 200 feet 


200=3464101614sinh( 042) | 


346,4101614. 


si rris] = 0,577350269 
692.820323 
= L = 692.820323 sinh `! (0.5773502 69} = 380.5704604 ft. 


Answer (26): 380.5704604 ft 
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